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ABSTRACT 
At the present time, it would be difficult to find any 
area of Applied mathematics, Physics, Statistics and various 
branches of science and technology in which one would not 
encounter generating functions of special functions and 
theory of Integral Transforms. 
The main purpose of the present thesis is to develop 
distinct integral representations and explicit expressions or 
expansions of generalized Voigt functions involving classical 
functions of mathematical physics and multi-variable 
hypergeometric functions which are mainly based on the 
theory of integral transforms. 
Many specific physical problems are related to Bessel 
functions in one way or other way (See Navelet [15])-
Drouffe and Navelet [3]) have been led to consider the 
integral representation corresponding to the absorption 
related to Bessel functions. Taking into account that Voigt 
functions K(x,y) and L(x,y) play an important role in diverse 
field of physics such as astroiphysical spectroscopy and thory 
of neutron reactions, such functions attract not only 
physicists but also mathematicians as is made clear in recent 
work of Srivastava and Miller [22], Fettis [8], Fried and 
Conte [9], Exton [6], Siddiqui [20], Klusch [14], Srivastava, 
Pathan and KamaiMJ^ama [24], and Kamatvijjama [\ \] e\c. 
Because of growing importance of generating functions, 
special attention is also given to develop the theory of 
generating functions of special functions, which are partly 
bilateral and partly unilateral and their applications. Such 
type of generating functions can be obtained by series 
manipulations and integral transforms techniques. On these 
lines, much work has been done by several authors e.g. Exton 
[7], Pathan and Yasmeen [18], Srivastava and Pathan [23], 
Kamarujjama, Husain and Aftab [12], Pathan and 
Kamarujjama ([16], [17]). The Laurent expansions of special 
functions and mixed generating functions occur frequently in 
quantum mechanics (see Schiff [19], Exton [5], Andrews [1] 
Srivastava & Monocha [21], Erdelyi [4] and Brychkov, 
Glaeske, Prudnikov and Tuan [2]. 
The present thesis comprises six chapters which are 
given below: 
Chapter-1: Introduction, definitions and Notations. 
Chapter-2: Integral transform associated with Bessel 's 
function. 
Chapter-3: Integral transform associated with Hyper-Bessel 
function. 
Chapter-4: On certain partly bilateral and partly unilateral 
generating functions. 
Chapter-5: A certain class of multiple generating functions 
involving Mittag-Leffler's functions. 
Chapter-6: A certain class of multiple generating functions. 
Chapter 1 aims at introduction of several classes of 
special functions which occur rather more frequently in the 
study of integral transforms and generating functions. 
Chapter 2 aims at presenting some known representation 
of Voigt function and multiindices and multivariables study 
of the unified (generalized) Voigt functions are given which 
play an important role in several diverse field of physics. 
Some representations and series expansions including 
multidimensional classical polynomials (Laguerre and 
Hermite) of mathematical physics are established. 
^ ^ ^ < 
Chapter 3 provides an interesting extension of the work 
of various authors Exton [6], Srivastava and Miller [22] and 
Klusch [14]. Some new integrals involving Hyper-Bessel 
function are presented and multiindices representation of 
unified Voigt function is obtained. 
Chapter 4 begins by introducing a new class of 
interesting generating relation (partly bilateral and partly 
unilateral) involving Mittag-Leffler's functions. The result 
of Exton [7] which is partly bilateral and partly unilateral is 
generalized. We used series manipulation technique to 
construct explicitly the appropriate generating functions. A 
number of known results of Kamarujjama and Khursheed [13] 
Exton [7] are obtained as special cases. 
Chapter 5 presents certain class of multiple generating 
function involving Mittag-Leffler's functions, E„ E„ n, and 
entire function intimately connected with Ea,p, given by 
Wright [25], see also [4]. A generating function involving 
Mittag-Leffer's function is given as result I and its 
generalization as result II and result III deals in a similar 
way with the entire function. Some interesting (known and 
new) multiple generating function are also function as special 
cases and a generating function of Hyper-Bessel function is 
also obtained. 
In chapter 6 we obtain a general result on multiple 
generating function involving product of Hubbell and 
Srivastava function [10] with essentially arbitrary co-
efficient. By appropriate specializing these co-efficient a 
number of (known and new) multiple generating functions are 
obtained as special cases. 
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Preface 
Generating functions play an important role in the 
investigation of various useful properties of the sequences 
which they generate. Because of its growing importance, the 
present thesis is designed so that certain double generating 
functions which are bilinear, bilateral and partly bilateral and 
partly unilateral are contained for a fairly wide variety of 
special functions in one, two or more variables. Such 
generating functions are obtained in general by using series 
manipulation techniques. Integral transforms play an 
important role of various fields in physics. With the use of 
Laplace, Hankel and Mellin transforms we extract complete 
and rigorous asymptotic expansion of the generalized Voigt 
function, which occur frequently in the theory:of neutron 
reaction and are of great value in the theory of spectral line 
profile. 
The present thesis comprises of six chapters each 
chapter is divided into a number of sections. Definitions and 
equations have been numbered chapter wise. The section 
number is followed by the number of equation thus 3.2.1 
refers to equation number 1 of section 3.2. 
A brief review of some important special functions, 
some integral transformations the definitions and notations 
which commonly arise in practice is presented in chapter 1. 
This chapter is also intended to make the thesis self 
contained as much as possible. 
Chapter 2 aims at presenting some known representation 
of Voigt function and multiindices and multivariables study 
of the unified (generalized) Voigt functions are given which 
play an important role in several diverse field of physics. 
Some representation and series expansion including 
multidimensional classical polynomials (Laguerre and 
Hermite) of mathematical physics are established. 
Chapter 3 provides an interesting extension of the work 
of various authors, e.g., Exton [22], Srivastava and Miller 
[80] and Klusch [45]. A new integral involving Hyper-Bessel 
function is presented and multiindices representation of 
unified Voigt function is obtained. 
Chapter 4 begins by introducing a new class of 
interesting generating relation (partly bilateral and partly 
unilateral) involving Mittag-Leffler's functions. The result 
of Exton [21] which is partly bilateral and partly unilateral is 
generalized. We used series manipulation technique to 
construct explicitly the appropriate generating functions. A 
number of known results of Pathan and Yasmeen [58], [59] 
and Exton [21] are obtained as special cases. 
Chapter 5 presents certain class of multiple generating 
function involving Mittag-Leffler's functions, Ea, Eci,p, and 
entire function intimately connected with Ea,p, used by 
Wright [89], [92]. A generating function involving Mittag-
Leffer's function is given as result I and its generalization as 
result II and result III deals in a similar way with the entire 
functions. Some interesting (known and new) multiple 
generating functions are also given as special cases and a 
generating function of Hyper-Bessel function is also 
obtained. 
In chaper 6 we obtain a general result on multiple 
generating function involving product of Hubble and 
Srivastava function [32] with essentially arbitrary co-
efficient. By appropriate specializing these co-efficient a 
number of (known and new) multiple generating functions are 
obtained as special cases. 
A part of our work has been accepted/Communicated for 
publication. A list of papers is given below: 
(i) Some generating relation involving Mittage-Leffler's 
functions. Proc. Int. Conf. SSFA, India 2 (2001), 
15-20. 
(ii) On certain class of multiple generating functions. 
(Communicated). 
(iii) On Multiindices and Multivariable presentations of 
the Voigt functions (Communicated). 
(iv) A certain class of multiple generating functions 
involving Mittag-Leffler's function (Communicated). 
(v) A new generalization of unified Voigt functions 
(communicated). 
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1.0. Introduction 
A wide range of problems exist in classical and 
quantum physics, engineering and applied mathematics in 
which special functions arise. Special functions are solutions 
of a wide class of mathematically and physically relevant 
functional equations. 
Each special function can be defined in a variety of 
ways and different researchers may choose different 
definitions (Rodrigous formulas, generating functions, 
contour integral). At the present time, applied mathematics, 
* 
physics, and various branch of science and technology 
involves generating function of special functions and theory 
of integral transforms. 
The aim of the present chapter is to introduce several 
class of special functions which occur rather more frequently 
in the study of generating functions and transformations. 
1.1. The Gamma Function and Related Functions 
The Gamma function has several equivalent definitions, 
most of which are due to Euler, 
CO 
rz = Jt^"' e"'dt , Re (z) > 0 (1.1-1) 
0 
upon integrating by part equation (1.1.1) yields the 
recurrence relation 
r ( z + l ) = z F z (1.1.2.) 
the relation (1,1.2) yields the useful result 
r ( n + l ) = n ! , n = 0,1,2,... 
which shows that gamma function is the generalization of 
factorial function 
The Beta function 
We define the beta function B(p,q) by 
1 
B(p,q)= JxP-^(l-x)'J''dx, Re (p) > 0, Re(q)>0 (1.1.3) 
0 
Gamma function and Beta function are related by the 
following relation 
B(p,q) = ^^^El^ p , q ^ O , - l , . . . (1.1.4) 
Tp + q 
The Pochhammer symbol 
The Pochhammer symbol (A,),, is defined by 
( ^ ) n = 
'' if n=0 
k(X+\) (?i+n-l), if n =1,2,3, 
(1.1.5) 
In terms of Gamma function, we have 
( ^ ) n 
r(;^ + n) 
, 1^^0,-1,-2,. (1.1.6) 
(?^)m + n = (?^)m ( ? ^ + m ) n (1.1.7) 
( ^ ) _ n = ; f ^ , n -1 ,2 ,3 , A^0,±l,±2,... (1.1.8) 
(^)n-n.- ^ ^^"^^^" , 0 < m < n (1-A-n) 
(1.1.9) 
m 
For A- = 1, equation (1.1.9) reduces to 
(n-m)! = ^^-^ , 0 < m <n 
(-n) 
(1.1.10) 
m 
Another useful relation of pochhamer symbol (A,),, is 
included in Gauss's multiplication theorem: 
m a + j - 0 
j=l 
(A)^„ = (m)'™ n '— ,n = 0,1,2, ..., 
V m ;„ 
(1.1.11) 
where m is positive integer. 
For m = 2 the equation (1.1.11) reduces to Legender's 
duplication formula 
(^)2n = 2 2n 
v2 ' ' 2 , „ ,n = 0,1,2. 
(1.1.12) 
In particular we have 
(2n)!=2 2n 
V2Jn 
(1.1.13) 
and 
(2n + l)!=2' n -J n! 
V^^ n 
(1.1.14) 
The error function 
The error function erf(z) is defined for any complex z 
by erf (z) = - ^ Jexp(-t^)dt (1.1.15) 
and its complement by 
2 
erfc(z) = l-erf(z) = -j= f exp(-t'^)dt 
V7t , 
(1.1.16) 
Clearly 
erf (0) = 0, erfc (0) = 1 
erf (oo) = 1, erfc (oo) = 0 
The asymptotic expansion of error function (see [63 , p-36]) 
is obtained after little manipulation. 
1.2. Gaussian Hypergeometric Function and Generalization 
The second order linear differential equation 
z ( l - z ) ^ - [ c - ( a + b + l)z]—-abw = a (1.2.1) 
has a solution 
y ( a ) n ( b ) n z" 
n=0 (C)n n! 
00 
w 
where a,b,c are parameters independent of z for c neither zero 
nor a negative integer and is denoted by 
2F, (a,b;c;z) i.e. 
2F,(a,b;c;z) = i ; ^ ^ ^ ^ 4 (^ -^ -^ ^ 
which is known as hypergeometric function. The special case 
a=c,b=l or b=c,a=l yields the elementary geometric series 
cc ^ n 
^ — , hence the term hypergeometric. 
n=on! 
If either of the parameter a or b is negative integer, then in 
this case, equation (1.2.2.) reduces to hypergeometric 
polynomials 
Generalized Hypergeometric Function 
The hypergeometric function defined in equation (1.2.2) 
can be generalized in an obvious way. 
F p q 
a|,a2v-0tp; 
P„p2v-Pq; 
S (a,)n--(ap)n z" 
n=0 (Pl)n (Pq)n n! 
= pFq (a i , .... ttp; pi . . . . pq: z), 
(1.2.3) 
where p,q are positive integer or zero. The numerator 
parameter a i , ap and the denominator parameter (3), Pq 
take on complex values, provided that 
Pj ^ 0 , - 1 , - 2 , . j = l ,2, ,q 
Convergence of pF p * q 
The series pFq 
(i) converges for all | z | < oo if p < q 
(ii) converges for |z|<l if p=q+l and 
(iii) diverges for all z, z^O if p > q+1 
Further more if we set 
CO = Re 
^q P ^ 
SPj-S^j >o, 
it is known that the pFq series with p = q+1, is 
(i) Absolutely convergent for | z | = 1 if Re (co) > 0 
(ii) Conditionally convergent for | z | = 1, z ^^ l^ 
i f - 1 < Re (co) < 0 
(iii) Divergent for | z | =1 if Re (co) < 1. 
An important special case when p=q=l , the equation (1.2.3) 
reduces to the confluent hypergeometric series iFi named as 
Kummer's series [46], see also Slater [69] and is given by 
,F, (a ;c ;z)= ^ f ^ ^ (1.2.4) 
n=0 (C)n n! 
When p=2, q= l , equation (1.2.3) reduces to ordinary 
hypergeometirc function 2F1 of second order given by (1.2.2). 
1.3. Hypergeometric function of Two and several Variables 
Appell Function 
In 1880 Appell [4] introduced four hypergeometric 
series which are generalization of Gauss hypergeometric 
function 2F1 and are given below: 
F,[a,b,b ' ;c;x,y]= f^ ^An^MMiL^ (1.3.1) 
m,n=0 lc)m+n ^ ' n ! 
max {|xl,|y|}<l 
7 
00 
F2[a,b,b';c,c';x,y] = ^ (aL.n(bUbOn x"y" ^^  3 2) 
m,n=0 (c)m(c)n ^ ' n ! 
|x|+|y|<l 
F3[a,a',b,b';c;x,y] = f M ^ ( ^ ) n W J b % 2i!;yl ( , .3.3) 
m,n=0 W m + n m ' " ' 
max [|x|,|y|<l 
°° (a) fb) x'^v" F4[a,b;c,c';x,y] = ^ ^ l"^;") ;^" ^ ^ (1.3.4) 
m,n=0 ( c ) m ( c ) n m ' " ' 
Vh i^ + Vi7i<i 
the standard work on the theory of Appell series is the 
monogrph by Appell and Kampe de Feriet [3]. See also 
Bailey [6,Ch-9] Slater [70, Ch-8] and Exton [23, p.23-28] 
for a review of the subsequent work 
Humbert Function 
In 1920 Humbert 34] has studies seven confluent form 
of the four Appell functions and denoted by 
O,,02,03,^,,4^2,Ei,E2 
four of them are given below: [see, 79]: 
M m . n ( P ) m x " y " 
m,n=0 (Y)m+n m ' " ' 
|x |<l , |y|<oo 
(P)m(P')n ,ni..n 
m,n=0 (y)m+n ^ ' n ! 
|x|<oo, |y|<oo 
°° fa) CB) y'^v" 
^,[a,p;Y,Y';x,y]= ^ l ^ i m ± a ^ ^ , (1.3.7) 
m,n=0 (YimlYin m ' " ' 
|x |<l , |y|<oo 
.m,,n 
^2[a;Y,Y';x,y] = Y /?V"^ ''"'^'', (1-3.8) '2[a; , '; E . \ 7 " \ \ , 
|x|<co, |y|<oo. 
Lauricelia Function 
In 1893 Lauricelia [48] generalized the four Appell 
function F,,F2,F3,F4 to functions of n variables defined as 
[see 79] 
F^"^[a,bi,..., bn;ci,..., c^; xi...Xn] 
m,..^n=0 (ci)mi--(Cn)n,n mi!---m„! 
|Xl| + + lXn| <1 
F^"^[ai,...,an, b, , . . . ,bn; c; X|...Xn] 
^ (c) mr'---m ' 
mi...mn=0 VWmi+-+mn ' " l " "^n-
max (Ixil, ,|Xn|} <1 
F^"^[a,b;ci,.. . , c„; x,...Xn] 
mi...mn=0 (^1 )mi--(Cn L „ mi!---m„! 
Vhi7i+-+V^<i 
10 
7(n) F^"^[a,b,,..., bn; c; x,...Xn] 
mi...nin=0 \^)m\ + -+mn m^.---m^. 
max {|x,|, ,|xn|} <l 
Clearly we have 
F f ' = F „ F«=F3, F<^>=F4, F « = F „ 
where F | , F2, F3, F4, are Appell function defined by (1.3.1) to 
(1.3.4) and 
^A ^B ^C ^D 2^ ^ 1 
A summary of Lauricella's work is given byrAppell and 
Kampe de Feriet [3]. See also Carlson [9] and Srivastava [8]. 
A unification of Lauricell 14-hypergeometric functions 
Fi, ,Fi4 of three variables [48], and the additional 
functions HA, HB, He [73] was introduced by Srivastava 
[72,p.428] who defined a general triple hypergeometric series 
F '^^  [x,y,z] 
Confluent form of Lauricella function 
02"-*and ^2" ^^^ t'^o important confluent form of 
Lauricella functions are given by 
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0)^ "^  [b,,...bn;c;x,,...Xn] 
= z v"l/iTii V"n/rnn 1 " n (ciL-f....+m„ mii---m„! m|...mn=0 v l /mj+-+mn 
(1.3.13) 
r(n) To . and ^^ ^ [a;ci,...,Cn; Xi,...,Xn] 
s (a): mi+...+mn ^\ 
mi v^^n 
m|...m '„=0 ( c i ) m , - ( C n ) m n m , ! - - - m „ ! 
(1.3.14) 
In terms of ^2 ' ^^^ multivariable extension of 
Whittaker's MK,^, function was defined by Humbert [34] in 
the following form: 
M K > m . . - u „ ( x , , . . . X n ) = X = v^'l+'^2 y^n+I /2 X exp -(xi + x j 
. ^^")[|a, + ....^n-K + n/2; 2|i, + l , . . . ,2^n+l; x,,...Xn]. (1.3.15) 
1.4 Bessel Function and Hyper Bessel Function 
Bessel 's equation of order n is 
dx^ dx 
(1.4.1) 
where n is non-negative integer. The series solution of the 
equation (1.4.1) is 
JnW = S (-ir(x/2) 
2r+n 
^Q r!rn + r + l 
(1.4.2) 
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In particular, 
J.1/2(2) = J— cos z and Ji/2(z) = J— sin z. (1.4.3) 
V TIZ V 7CZ 
the series (1.4.2) converges for all x. 
We call Jn(x) as Bessel function of first kind. The 
generating function for the Bessel function is given by 
exp 
xf n 
- t - -
2{ tj 
Zt"J„(x) (1.4.4) 
n=-oo 
Bessel function is connected with hypergeometric 
function by the relation 
(x/2)" „ 
Jn(> )^ = 7 7 ^ 0 ^ 1 
n + n 
-;l + n; - x (1.4.5) 
Bessel functions are of most frequent use in the theory of 
integral transform. For fuller discussion of the properties of 
Bessel function [see, 93] 
Modified Bessel's Function 
Bessel's modified equation is 
x 2 4 + x ^ _ ( x 2 + n ^ ) y = 0 
dx'^  dx 
(1.4.6) 
the series solution of the equation (1.4.6) is 
InW = I (x/2) 
2r+n 
S r ! r ( n + r + l) 
13 
(1.4.7) 
where n is non negative integer. 
We call In(x) as modified Bessel function. The function 
In(x) is related to Jn(x) in much the same way that the 
hyperbolic function is related to trigonometric function, and 
we have 
I„(x) = i-" J„(ix) 
The generalized Bessel functions (GBF) have been the 
topic of a recent study by the authors [13]. This research 
activity was stimulated by the number of problems in which 
this type of functions is an essential analytical tool and by 
their entrinsic mathematical importance. The GBF have many 
properties similar to those of conventional Bessel function (BF). 
As far as the application of GBF are concerned they 
frequently arise in physical problems of quantum electro 
dynamics and optics, the emission of electromagnetic 
radiation, scattering of laser radiation from free or weekly 
bounded electrons ([12],[13]). 
Hyper Bessel Function 
The Hyper Bessel function Jni,n (z) of order 2 is defined by 
(see Humbert [35] 
14 
'' m,n \^) 
(z/3) m+n 
Tm + irn + l 
0Jf^2 -;m + l,n + l;-
. 3 , 
(1.4.8) 
and its generating function is defined by 
exp 
1 A 
x + y 
xy; 
= Z x'>" (z/3) 
m+n 
m,n=-oo 
r(m + l) r(n + l) 
•0 i ^2 -;m + l,n + l;-
' Z ^ 
v^y 
(1.4.9) 
Modified Hyper Bessel Function 
The modified Hyper Bessel Function Im,n (z) of order 2 
is defined by (Delerue [14]) 
Im,n(z) = (z/3) 
m+n 
r(m + l) r(n + l) oF: -;m + l,n + l; 
^z^' 
v-^ y 
(1.4.10) 
and its generating function is defined by 
exp 
/ 
L3V 
x + y + -
xy; 
m+n 
= y ^m n (z/3) 
„,;^ _^ r(m + i) r(n + i) 
•0F2 ;m H-l,n + l; ^zV (1.4.11) 
the generating function of Hyper Bessel function J,^  ,^  (z) of 
order n and its modified case I^ ^ (z) are given by 
' l - - " ' n 
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exp 
n + 1 
Xi +. . . . + X, 
X i . . .Xn 
Z x" '^ x*""! (z) 
nii....ITln=-oO 
(1.4.12) 
where 
m,....m„ ( Z ) 
(z/n + iy-' )Fn -;mi +1, itin +1; 
/ xn+l 
' Z ^ 
vn + 1; 
(1.4.13) 
and exp 
n + 1 
Xi +. . . . + X„ + • 
Xi...X , . . . A n ; m|....m„=-oo 
^1 - ^ n Sii|....m„ (Z) 
(1.4.14) 
where 
_ ( z / n + l ) | m; 
Im . m ( z ) - ^ ] ^ - ^ o F n 
mi-.trin 
m,!....mn! 
- ;m, +1, rtin +1; 
r z ^" '^ 
u+u 
(1.4.15) 
For n = l , these functions concide with the Bessel 
functions. 
1.5. The Classical Orthogonal Polynomial 
The hpergeometr ic representat ion of classical 
or thogonal polynomial such as Jacobi po lynomia l . 
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Gagenbauer polynomial, Legendre polynomial, Hermite 
polynomial and Laguerre polynomial and their orthogonality 
properties, Rodrigues formula, recurrence relation and the 
differential equation satisfied by them are given in detail in 
Szego, [87], Reinville [63], Lebedev [49], Luke [50], Carlson 
[10, Ch-7] , Chihara [11]. We mention few of them: 
Jacobi Polynomial 
The Jacobi Polynomials P,r''^ ^(x) are defined by 
generating relation. 
00 
X P^'f^^x) t" = [l + l /2(x+l) t ]" [l + l/2(x-l)t]'^ (1.5.1) 
n=0 
Re (a) > - 1 , Re (P) > -1 
The Jacobi Polynomials have a number of finite series 
representation [63 p.255] one of them is given below 
p(a.p). . ^ y (l + a)n(l + a + f3W f x - H 
" ' ' „to k!(n-k)!(l + a)k(l + a + a ^ 2 V ^ y 
For P = a the Jacobi Polynomial P^"'"\x) is known as 
ultraspherical polynomial which is connected with the 
Gegenbauer polynomial C{,"^(x) by the relation [2, p. 191] 
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a+1/2, (a.a) . . . . (l + a ) n C r " ^ ( x ) pr'"xx)= (1 + 2a) , (1.5.3) 
For a=P = 0, equation (1.5.2) reduces to Legendre 
Polynomial Pn(x) 
Hermite Polynomial 
Hermite Polynomial are defined by means of generating 
relation 
exp (2xt-t ') = EHn(x) — 
n=0 n! 
(1.5.4) 
Valid for all finite x and t and we can easily obtained 
to k ! ( n - 2 k ) ! (1.5.5) 
Associated Laguerre Polynomial 
The associated Laguerre Polynomial L^ (x) are defined 
by means of generating relation. 
I L<;(x)t" = (l-t)-^«^')exp 
n=0 [t-h (1.5.6) 
For a = 0, the above equation (1.5.6) yield the 
generating function for simple Laguerre Polynomial Ln (x). 
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A series representation of L^^\x) for non negative 
• • u T(a)/ X V- (-iy^(n + a)!x^ ,^  ^ „, 
integers n IS given by D„"Xx)= 2 . 777 TV; TT, (l-^-^) 
k=o k! (n -k) ! (a + k)! 
for a = 0, equation (1.5.8) gives the definition of Laguerre 
polynomial. 
Laguerre Polynomial U"-*(x) is also the limiting case of 
Jacobi Polynomial 
L^n"^(x) = urn I p(a,p) |pl->oo V n 
r 2x^ 
V (3y 
(1.5.8) 
Hypergeomertic representations 
Some of the orthogonal polynomials and their connections 
with hypergeometric function used in our work are given 
below 
Jacobi Polynomial 
(1) P^'hz) = '^ a + n^ 
V n y 
2^1 
n,a + p + n + l; 
a + 1 1-z 
(1.5.9) 
Gagenbauer Polynomial 
(2) c;(z) = f n + 2Y - r 2^1 
n 
-n,2y + n; 
y + 1/2 ; 1-z 
(1.5.10) 
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Legendre Polynomial 
(3) Pn(z) = pi,«'^z)=2F, 
n,n + l; 
1 ; 1-z 
(1.5.11) 
Hermite Polynomial 
(4) H„(z) = (2z)"2Fo - n 1 n _2 •—--z 
2 2 2 
(1.5.12) 
Laguerre Polynomial 
(5) l}-\z)J^^ 
n! 
iFi [-n;l + a;z] (1.5.13) 
Generalized Polynomials 
The Gould-Hopper [27] generalization of the Hermite 
polynomial is in the form 
g2^(x,h)= y "• h'^ x"-"^ '^  
= x" F mJ^O A(m;-n);-;h( ) 
X 
m (1.5.14) 
where m is positive integer and A (m;-n) abbreviates the 
array of m parameter. 
For m=2, h= - 1 , these polynomials reduce to classical 
Hermite polynomials (1.5.12) and we have 
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Hn(x)= gS(2x-l) (1.5.15) 
Other familiar generalization (and unification) of the 
various polynomial are studied by Srivastava and Singhal 
[86], Srivastava and Joshi [75] Srivastava and Panda [82] 
Srivastava and Pathan [83] and Shahabuddin [66]. 
1.6. Generating Functions 
A generating function may be used to define a set of 
functions, to determine a differential recurrence relation or 
pure recurrence relation to evaluate certain integrals etc. We 
define a generating function for a set of function {fn(x)} as 
follows [79, p. 78-82]. 
Definition: Let G (x,t) be a function that can be 
expended in powers of t such that 
G(x, t )=;^ c„f„(x)t" (1.6.1) 
n=0 
where Cn is a function of n, independent of x and i. Then 
G(x,t) is called a generating function of the set {fn(x)}. If the 
set of function {fn(x)} is also defined for negative integers 
n=0,+ l ,±2, . . . , the definition (1.6.1) may be extended in terms 
of the Laurentz series expansion 
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G(x,t)= X c„fn(x)t" (1.6.2) 
n=-oo 
where {€„} is independent of x and t. The above definition of 
generating function used earlier by Rainville 
[63, p. 129] and McBride [51, p . l ] may be extended to 
include generating functions of several variables. 
Definition: Let G(xi....Xk,t) be a function of (k+1) 
variable, which has a formal expansion in power of t such 
that 
G(xi,...,Xk,t)= X c„f„(x,....Xk)t" (1.6.3) 
n=0 
where the sequence Cn is independent of the variable X],...Xk 
and t. Then we shall say that G(X|,...,Xi^,t) is multivariable 
generating function for the set {fn(xi,...,Xk)} *=o 
corresponding to non-zero coefficient {Cn}. 
Bilinear and Bilateral Generating Functions 
A multivariable generating function G(xi...Xk,t) given 
by (1.8.3) is said to be multilateral generating function if 
fn(Xl- -Xk) = g la , (n ) (Xl ) gkak(n)(Xn) ( 1 . 6 . 4 ) 
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where aj(n),j=l,2 k are functions of n which are not 
necessarily equal. Moreover, if the functions occurring on the 
right hand side of (1.6.4) are equal the equation (1.6.3) are 
called multilinear generating function. 
In particular if 
G(x,y;t)=X Cnfn(x)g„(y)t" 
n=0 
(1.6.5) 
and the sets {fn(x)}^^o ^^^ {gn(y)}r=o ^^^ different the function 
G(x,y;t) is called bilateral generating function for the sets 
{fn(x)}n=o o r {gn(y)}r=o-
If {fn(x)}^ =o ^^^ {gn(y)}^=o ^^^ same set of functions 
then in that case we say that G(x,y;t) is bilinear generating 
function for the set {fn(x)};;'^ o or {gn(y)}^=o-
Example of Bilinear Generating Function 
(1 - t)-i-« exp (x + y)t 
1-t OJT 1 
xyt 
1 + a; (i-t)^ 
^ n\Llix)Ll(yr 
n=0 (l + a)n 
(1.6.6) 
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Example of bilateral generating function 
(l-t)- '-^-«(l-t + yt-'^) exp 
^-xt^ 
Vl-ty 
iF, c; xyt 
1 + a; (1 - t)(l -1 + yt) 
Z2F, 
n=0 
-n,c; 
I + a; 
L«(x)t" (1.6.7) 
1.7. Integral Transforms 
Integral transforms play an important role in various 
fields of physics. The method of solution of problems arising 
in physics lie at the heart of the use of integral transform. 
T[f(x);^] = JF(Q k(x;^)d^, (1.7.1) 
where ^ takes values from Q and the function k(x;^) is called 
Kernal. When a function f(x) is defined in terms of F(£,) by 
means of an integral relation (1.7.1), we say that f(x) is the 
integral transform of F(^) for the Kernal k(x;^). 
Taking different values of the Kernal we get different 
transform like Fourier, Laplace, Hankel and Mellin 
transforms. 
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Fourier Transform 
We call 
(^[ f (x) ; ^] = (271)-'^ ' |f(x) e'^ '^ dx (1.7.2) 
—00 
the Fourier transform of (x) and regard ^ as complex 
variable. 
Laplace transform 
We call 
i :~[f( t ) ;p]= jf(t) e-P^t (1.7.3) 
0 
the Laplace transform of (t) and regard p as complex 
variable. 
Hankel transform 
We call 
oo 
' ^ ; [ f ( t ) ; ^ ] = /f(t) tJ,(^t)dt (1.7.4) 
0 
the Hankel transform of f(t) and regard t, as complex 
variable. 
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Mellin transform 
We call 
;5r[f(x); s] = jf(x) x'" 'dx (1.7.5) 
0 
the. Mellin transform of f(x) and regard s as complex 
variable. 
The most complete set of integral transforms are given 
in Erdelyi et al ([19], [20]) Ditkin and Prudnikov [15] and 
Prudnikov et al. ([61], [62]). 
Other integral transforms have been developed for 
various purposes and they have limited use in our work so 
their properties and application are not mentioned in detail 
here. 
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a ihie^'2 
INTEGRAL TRANSFORMS ASSOCIATED WITH 
BESSEL FUNCTION 
2.0 Introduction 
This chapter provides us some unification and 
representation of Voigt function k(x,y) and L(x,y) which play 
an important role in several diverse field of physics such as 
astrophysical spectroscopy, emission, absorption and transfer 
of radiation in heated atmosphere and the theory of neutron 
reactions. We have derived several representations of these 
functions in terms of series and integrals which are specially 
useful in situations where the parameter and variables take on 
particular values. 
Furthermore, the function 
k(x,y) + iL(x,y) 
is, except for a numerical factor, identical to the so-called 
'plasma dispersion function' which is tabulated by Fried and 
Conte [26] and Fettles et al. [25]. 
In many given physical problems, a numerical and 
analytical evaluation of Voigt function is required. For an 
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excellent review of various mathematical properties and 
computational method concerning the Voigt function see for 
example, Armstrong and NichoUs [5] and Houbold and John 
[31]. 
On the other hand, it is well known that Bessel 
function are closely associated with problems possessing 
circular or cylindrical symmetry for example, they arise in 
the theory of electromagnetism and in the study of free 
vibration of a circular membrance [47]. 
Srivastava and Miller [80] established a link of Bessel 
functions with the generalized voigt function 
In section (2.1) some unification and presentation of 
voigt function is given in terms of series and integral which 
are specially useful in situations when the parameters and 
variables take on particular values. 
Section (2.2) aims at presenting multiindices and 
multivariables study of the unified (or generalized) Voigt 
functions which play an important role in the several diverse 
field of physics. Some expressions of these functions are 
given in terms of familiar special functions of multivariable. 
28 
Further representation and series expansions involving 
multidimensional classical polynomials (Laguerre and 
Hermite) for mathematical physics are established in section 
(2.3). 
2.1 Some known representation of Voigt functions 
First of all, we recall here the following integral 
representations due to Reiche [64] 
00 1 
k(x,y) = (7i)'^ 2 j exp( -y t - - t ^ ) cos (xt) dt (2.1.1) 
0 "^  
0 0 •• 
L(x,y) = (7i)'^ 2 J exp( -y t - - t ^ ) sin (xt) dt (2.1.2) 
0 "^  
so that 
K(x,y)+iL(x,y) ={n)-'^^^ exp ( y - i x ) t - ^ t 2 ) d t (2.1.3) 
= exp[(y - ix)^]{l - erf(y - ix)} 
and 
K(x,y)-iL(x,y) ={n)-^^^ ^ exp (y+ ix ) t - - t ^ )d t (2.1.4) 
= exp[(y + ix)^ ] (1 - erf (y - ix)} 
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where we have used an elementary integral given in 
Gradshteyn and Ryzhik [30, p.307; 3.322(2)] Since the error 
function (See Srivastava and Kashyap [77 p. 17(71)]) 
erf(z)= r2z] iFi i . 3 . _ ^ 2 ' L2'2' ^ J 
^2z^ 
VVTty 
exp( -z )]F, l-^-z^ 
. ' 2 ' 
, |z|<oo, 
by Kummer's transformation for the confluent 
hypergeometric function iFi substitution in (2.1.3) and 
(2.1.4) followed by separation of real and imaginary part will 
readily yield the corrected version of |Fi representation for 
K(x,y) and L(x,y) due to Exton [44] as already observed by 
Katriel [44] and Pettis [24]. It should be remarked in passing 
that, in view of the above relation [77, p. 17(71)], the 
corrected version of Exton's |Fi representations for the Voigt 
function would follow directly from (2.1.1) and (2.1.2) by 
appealing to some known integral formula [19, p. 15(16); 
p. 74 (27)] 
Srivastava and Miller [80; p. 113(8)] introduced and 
studied systematically a unification (and generalization) of 
the Voigt functions K(x,y) and L(x,y) in the form: 
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\,A^,y) = &" Vexp(-yt-^t2)J^(xt)dt (2.1.5) 
(x,yGR^R(|Li+v)>-l) 
so that 
^\/2-\/2(^'y) = ^(^'y) ^^^ v,/2,i/2(x,y) = L(x>y) (2.1.6) 
where the Bessel function Jv(z), of order v, is defined by 
(1.4.2) and (1.6.3). 
Further representation (Series) of the unified Voigt 
function V^,v(x,y) is given by Srivastava and Miller 
[80; p.113 (11)] 
2M/2j^v+l/2 J J 1 9 9 
V (x,y) = —— —-{r[-( | i + v + l)]v|/2[-(|^ + v + l);v + l , - ; -x ' ,y ' ] 
r(v + l) 2 2 2 
-2y^ [^ (^ + v + 2)]M/2[^(^l + v + 2);v + l ,^;-x^y2]} (2.1.7) 
(fi,yeR^, X G R and Re(|Li+v)>-l) 
where \|/2 denotes the Humbert 's confluent hypergeometric 
function of two variables, defined by (1.3.8) 
Subsequently following the work of Srivastava and 
Miller [80] closely, Klusch [45] proposed a unification of the 
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Voigt functions K^i[x,y,z] and L^i[x,y,z] in a slightly modified 
form (see [45; p. 233 (22)]. 
Q,,,(x,y,z) = ( f ) ' ' ' V e x p ( - y t - z t 2 ) J , ( x t ) d t , (2.1.8) 
(x ,y , z6R^R( | a+v)>- l ) . 
so that 
^M.-i/2(x,y,z)^Vi/2 (x,y,z),Q i^.i/2(x,y,z)=L j^+i/2 (x,y,z) 
1^/2,-1/2 (x,y, I )=k (x,y), Q,/2,i/2(x,y,-J-)=L (x,y) 
By comparing (2.1.5) and (2.1.8) we find that 
-\ 
> 
J 
(2.1.9) 
Q,,.(x,y,z) = ( 2 V ^ ) - ^ - ' ^ ^ V , , . ( ^ , ^ ) (2.1.10) 
and 
The relations (2.1.5) and (2.1.8) are, infact unification (and 
generalization) of the voigt function k(x,y) and L(x,y). 
In an attempt to generalize the work of Srivastava and 
Millar [80], Siddiqui [67], Srivastava and Chen [74], 
Siddiqui and Uppal [68] and Yang [94] studied the 
following unification (and generalization) of the voigt 
function k(x,y) and L(x,y) in the form 
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00 1 
^lv,x(^^y^) = (-::y'^ Jt^exp(-yt--t2)Jj^,(xt)dt (2.1.11) 
2 Q 4 
( x , y , | a e r ; R ( T I + V + 2 X ) > - 1 ) . 
where 
J^ (z )= y \—L^ (2.1.12) 
"^ '^  .^ "To r(A. + m + l) r(v + ^ + m|a + l) 
Srivastava, Pathan and Kamarujjama [85] have studied and 
investigated a slightly modified form of formula (2.1.11) in 
the form given below: 
00 
Qi;,,,^(x,y,z) = i^y'^ jt^'exp(-yt - zt2)jj ;,(xt) dt (2.1.13) 
^ 0 
(x,y,z,}ieR'"; R(r i+v+2}i>- l ) . 
The following explicit expression of the generalized Voigt 
function Q^ _v [x,y,z] of Klusch is given by Srivastava, Pathan 
and Kamarujjama [85] 
2 \ m / 2 N" 
^u,v[x,y,z] = -J X Z 2 X ^ -r-i V 4Z / I 4Z 
2"'^ m,n=om! n! rv + m + l 
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r[^(|a +v + 2m + n + l) (2.1.14) 
and 
- ^ ( l i + V + l) V + \ 
^n,v[x,y,z] = ——I 
2 ^ rv + i 
.2 . 2 
r[^(n + V + i)l>2[^i^ + V +1); V + i , i ; - ^ , ^ ] 
y 
^ 
r 
.2 , 2 
^(|i + v + 2)]v|/2 [^(^ + v + 2);v + l , f ; - ^ , ^ ] ^ (2.1.15) 
•^  J 2 ^ 4 z 4 z 
(x,y,z eR^; Re( | i+v)>-l 
For v= + :^, equation (2.1.15) reduces to 
•i(n+i) 
''^ ^^ '^'^ ''^ "^^ 7^  
{r[i(n + i)V2[i(^  + i);i,i;^'J ] 
^rt(^ + f)]M/2[^ (^  + f)-4,f; 2 2 - X y _ , 
2 - 2 ' 2 ' 4^ ' 4 ^ ^ 
(2.1.16) 
and 
L^+i[x,y,z] = xz 
-i(^+f) 
2V7i; 
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!r[i(^  + f)V2[i(^i+t);t4''^'£] 
^r[i(^+f)V2[> + f ) ; f4 ;^ '£ ] (2.1.17) 
In particular, fi=l/2 and z=l/4, equations (2.1.16) and 
(2.1.17) reduce to the following known results of Exton 
[22;p . L76(8),(9)] 
K[x,y] = M^: i l l 2 2 2y 2 ' 2 ' 2 ' ~ ^ ' ^ ~ r^2 
l l 3 . 2 2 
(2.1.18) 
and 
2x 
L^'y]=-rM^2M'i•;->^^y^ -2xyvi; 
VTi: 
3 . 3 3 . 2 2 
L 2 ' 2 ' 2 ' '-^ 
respectively. (2.1.19) 
35 
2.2 Voigt functions of multivariables 
In view of the above facts, thus we introduce and study 
the multivariable Voigt functions of the first Icind, and of the 
form 
i_Jl 
K[x„...,x„,y] = (7r)-"^2|« ^2-2 exp(-yt- i t2)n;L, (cos(x/))dt (2.2.1) 
1_IL 
L[xj,...,x„y] = (7r)-"'2^ 12"2 exp(-yt-~t2)n". , (sin(Xjt))dt (2.2.2) 
(yeR"^ and xeR) . 
Obviously 
K[xj,...,Xn,y] ± iL[x,,...,Xn,y] 
= (7i)-"|° t^""exp(--yt--^t2){n"=, (cos(Xjt) ± in" . , (sin(Xjt)}dt. 
(2.2.3) 
For n=l the above equations (2.2.1) to (2.2.3) reduces 
to the elementary integrals (2.1.1) to (2.1.4) 
From the view point of the relation (1.4.3), we now 
define the generalized (unified) Voigt functions of 
multi-variables by means of integral 
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V,,v v„(x„...,x„,y) = i^y" ( - ^ ) ' f t^exp(-yt-^t')Yr^__^ (Jv/Xjt))dt 
(2.2.4) 
(yeR"';X], . . . ,x„eRandRe(| i + 2]j^,Vj)>-l) 
so that 
K[x„...,x„,y] = Vx_x _x[xi,-,x„,y], L[x,,...,x„,y] = Vx _x _i[X|,...,x„,y]. 
2 ' 2 ' • • • 2 2 ' 2 ' " ' 2 
(2.2.5) 
Making use of the series representation (1.4.2) and 
expanding the exponential function exp(-yt), and then 
integrating the resulting (absolutely convergent) multiple 
series term by term, we obtain 
V,,„ „,(x„...,x„,y) = 2»'-'"xr'"....x^-"^ 
(-x?)"\..(-x;)"'"(-2yy 
m, 
y 
...,m„,r=o (m,)!...(mn)!r! r(v, + m, + l)...r(v„ + m„ +1) 
nT(^^ + E v j + 2(m,+... + m J + r + l)]. (2.2.6) 
2 
Separating the r-series into its even and odd terms, we get 
[ r | ( ^ + Z Vj + lh^r'\\in + Ev j + 1); V, +1,..., v„ + l,|;-x?,...,-x^,y2] 
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-2yr^(^+i:vj +l)iKf'^[^(^+Ivj +l);v, +l,...,v„ +l,^;-x?,...,-xSy]|, 
(Re(^ + Xvj)>-l;^,yeR^;xi,...,x„eR) (2.2.7) 
where vi/^ "-* denotes Humbert's confluent hypergeometric 
function of n variables defined by (1.3.14) 
For |Li=-Vi=""=-Vn=l/2, equation (2.2.7) reduces to the 
representation: 
K[x„...,x„,y] = (7r) ^ jr(---)v|/r l---;-v...,-,-;-xf,...-x^,y1 
3 n (n + l ) r3 "^  I ^ 1 2 2 2 i l / o o o \ 
-2yr(---)vjy^2 [ - - - ; - v - , - , - ; - x , , . . . , - x „ , y ]k (2.2.8) 
while for the special values |J.=Vi = •"• = V| = Yi, equation 
(2.2.7) yields the representation: 
^x x„,y] = (-|.)"n;„(xj){r(| + ^)M/;*'[|+^;|,...|l;-x?;-xJ;y^] 
_ 2 y r { | + ^ ) v i / r ' [ | + f ; f . . - , f | ; - ' ' ? ' - ' < - y ' ] } - (2.2.9) 
When n = 1, equations (2.2.8) and (2.2.9) correspond to 
results (8) and (9), respectively of Exton [22; p. L 76]. 
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Also equation (2.7) reduces to the known representation of 
Srivastava and Miller [80; p. U<3/(II)]. 
2.3 Further representations of V^ , v (x,y) 
For convenience, a few conventions and notations of 
multiindices are recalled here [7; p. 3]. 
Let v=(vi,...,Vn) eR" and k = (k,,...,kn) e NQ 
{n factors) where kjGNo = NU{0}, j = { l ,2 , . . . ,n} . we have the 
following abbreviations: 
k! = k,!k2!...kn!, keNj] 
(v)u = O H (Vi)k„-(Vn)k„, V E R"(or C"), k e Nj 
r (v ) = H H r(v,)k,,..r(v„),,^, v e R"(or C") 
A,x = X,X|,...,X,Xn, ^ L G R J X G R " . 
X+1 means A,i + 1, X,2+l,.-.,^n+l (n-parameters) and 
Z f(k)= Z . Z - . Z f(kiv..,k„) (multiple series). 
KeNS K,=0 K2=0 K„ =0 
We start from the definition of multiindex Laguerre 
and Hermite polynomials of n variables [7; p. 174]. 
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Laguerre polynomials of n variables of order veR" and 
degree keNo ~ N u { 0 } , is the function L'^(x), defined by 
means of generating function 
kt^ orCk + v + l) 
or, equivalently, 
00 z'vn""' 
e ' C t r ' ^ n n Kpffl = Sp^f^^^^^L^K(x)t^ , (2.3.1) 
where for convenience, we have the following the 
abbreviations 
r(v)=n;i,r(Vj) = r(v,)...r(v„) 
A- X =Xxj,...,A,x„, A,eR 
v e R", V > - 1 , X e R". Furthermore k = kl = (k , k) e R", 
keNo and k! = (k!)". 
On replacing 2 Vt by t and Xj by x. , j = {1,2, , n} , 
respectively,in equation (2.3.1), multiplying both the sides by 
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f^A + Z v j 
exp -y t - and now intergrating with respect to t 
between the limits 0 and oo, we obtain 
V^,,y(x,y)=V^^v .v,^ [x,,....,Xn,y] = 
\^J h r ( k + v + i)2 2k 
V+Zv3+2k^^p^_y^_i^2)^^^ (2.3.2.) 
where the integral formula (2.2.4) is applied. 
Expand the exponential function exp (-yt) in terms of 
series and then integrate to get 
V , v(x,y) = 2 (^ '-I^-^) ' \x)>'-"^ f (k!)"-'Lt(x^) 
ktS r (k+v+i )2 '^' 
00 
m=0 
2yt 
r 
m! 
-(|a + ^ V j -t-m + 2k + l) (2.3.3) 
( y 6 R ^ V,XGR" and (|i+Zv,) > -1) 
Separate the m-series into its even and odd terms, to get 
v'l-l T V A . 2 -V, v(x,y) = 2'^-^^r^^'\y,f^U'^ fMZJlKL 
k = o r ( k + v t i ) 2 2 ^ 
r - ( H + ^ V j + l ) + k iFl ^ ( ^ + X v j + l ) + k ; - ; y 2 / 2 2 2 
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•V2yr -(|i + 2]vj+2) + k iFi ^ ( ^ + X v j + 2 ) + k ; | ; y 2 / 2 , (2 .3 .4) 
(^ l ,yeR^ V , X G R " and ( | i+Evj) > - I ) 
where iFi denotes the confluent hypergeometr ic function 
[63;p. 123(9)] . 
For part icular values |LI = -V = 1/2 and \x = V = 111, 
equat ion (2.3.4) reduces further to new representa t ions of 
Voigt functions of mult ivar iables 
K(x,y) = K[x„. . . . ,xn ,y] = 2^-^^^^ g M l l l i : ! ! ^ ) W ^ ^ 
k=o p (k+.i)2k ^ 4 
,F , [k + ^ ; i ; y 2 / 2 ] - V ^ y r [ k + ^ ] [ k + ^ ; ^ ; y 2 / 2 ] | (2 .3 .5) 
4 2 4 4 2 J 
^(n-3)/4 v ( - l ) H2k ( x ) r 3 _ n 
,4^o2^(2k)!(V^)" f f'^^^ 
3-n 1 2 5 -n 3 F, [k + : 4 i i ; i ; y2 /2 ] -V^yr [k + ^ ] l F , [ k + V ^ ; f , y 2 / 2 ] (2 .3.6) 
4 2 4 2 
and 
I T(1''2) r^l\ / i .nn-L(x,y) = L ( x , . . . , x „ , y ] = 2^-"->- | . x ' L - ^ ^ (x^) (k!)"- L 
K=o r ( k + 3 / 2 ) 2 ^ 1 
,r, 3 + 11, 
[k + ——] 
4 
,F, [k + ^ ; i ; y 2 / 2 ] - V i y r [ k ^ l ± i l l , F , [ k + ^ ; ^ ; y 2 / 2 ] | (2 .3 .7) 
4 2 4 4 2 J 
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= 2(-"^3)/4 ^ (-itn^MJ^) 
,F, [k + ^ ; i ; y 2 / 2 ] - V 2 y r [ k . i ± i l ] . F i [ k + ^ ; ^ ; y ^ / 2 ] | , (2 .3 , 
4 z 4 4 2 J 
8) 
where Hk (x) denotes the Hermit polynomials of n-variables 
and the relations [7; p.175]. 
. 2 , _ (-ir[2k)!] n-1 
^k ( X l ' ^ 2 ' ' ^ n ) - '22nk/j^n'2n-l ^ 2 k W 
x'L<'^^>rx2x2 , ;2. (-l)'-[2k + l ) ! r fx) (2 3 9) 
2(2k+l)n/j^|x2n- ' ; 
J ± i ) , x e R " , x ' = n j = , ( X j ) ] 
are used to get equations (5.3.6) and (5.3.8) respectively. 
For n = 1 (x = x e R ' ) , equations (2.3.4) to (2.3.8) 
reduce to the known results (2.2.4) to (2.2.8) respectively of 
Kamarujjama and Singh [42]. 
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u^  
aJii&i"3 
INTEGRAL TRANSFORMS ASSOCIATED WITH 
HYPER-BESSEL FUNCTION 
3.0 Introduction 
As an interesting extension of the previous work (for 
examples Exton [22], Katriei [44], Fettis [24], Srivastava and 
Miller [80] and Klusch [45] etcetra), this chapter aims at 
presenting a set of new results on generalization (unification) 
of Voigt functions. 
Taking into account the integral representations (2.1.5) 
and (2.1.8), we are presenting in section (3.1) some new 
integral involving Hyper-Bessel function instead of Bessel 's 
function. In fact, in this section we obtain a multiindices 
representations of unified Voigt functions, denoted by, 
V,, V V (x,y) in Srivastava and Miller notation and 
(^,V, , . . . , V „ V •! J J 
i^.i,v ,...,v [ '^Y'Z] in Klusch notation. Obviously second is more 
general to first. 
In section (3.2) a set of multiple series expansions (or 
generating functions) of the generalized (or unified) Voigt 
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functions are also established by means of generating 
functions of Hyper-Bessel functions. 
3.1 Representation of Q,, ^ v [x,y,z] 
In view of integrals (2.1.5), (2.1.8) and definition 
(1.4.13) we are now introducing (and studying) a further 
generalization of unified Voigt functions in the following 
form. 
Q^^ v[^'y'Z] = ^n,v,,...,v„ ^^'^'^^"1 ";;^[J J t^'exp(-yt-zt^)J^(xt)dt 
(3.1.1) 
(Re(|.i + X^j))> - 1 ' ^i'X'Y'Z e R"") 
where v = (vi,...,Vn) eR" and Jv(z) = J^ ^ ('^) denotes the 
1 . *'n 
Hyper-Bessel funcitons of order n, defined by (1.4.13) 
so that 
where y=(+l) = (+^,+l, ,+ i)eR" 
(3.1.2) 
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For z=-^, integral (3.1.1) is defined as 
V^,,v[x,y] = V^,,,_^_[x,y]= - ^ j t^exp(-y t - | t2 )J .^(x t )d t 
so that 
Vif_iN(x,y) = K. ^(x,y) ^ 
2'V. 2 J 2 2 
Vin>(x,y) = Li (x,y) 
2 ' l 2 / 2 ^ 2 ^ 
and 
it is not difficult to observed that when n=l 
Q^i,v[x,y,z]=Q^„[x,y,z] ] 
Vn,v[x,y]=V^,,v[x,y] 
K,,a[x,y,z] = K,^  ,[x,y,z] ^ (X+ ^l+, 
L_^[x,y,z] = L j.[x,y,z] ^ 
and 
Ki^Jx,y] = K[x,y] ,Li^^[x,y] = L[x,y] 
2 2 
(3.1.3) 
(3.1.4) 
(3.1.5) 
(3.1.6) 
(3.1.7) 
2 2 
(3.1.8) 
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Making use of the definition (1.4.13) of Hyper-Bessei 
functions and expanding the exponential function, we can 
integrate the resulting double series term-by-term, and we 
thus obtain 
Q^,,v[x,y,z] = 1 / X 1^ ' ^ ^ 
U + 1, 
{-( X \ n + l ^ k / y-yiTi (n + l)Vz -Jz. y ViiJLiiZi^  2±—r[^()Li + y v : + ( n + l)k + m + l)] 
f l . Wm! r ( v + k + l) ^^ Vf- Z. J ^ ^ k,iTi=0 
(3.1.9) 
where Re(|j,+ZV|)>-l;|j,,x,y,z eR^, veR'^keNj] 
Now separating the m-series into its even and odd 
terms, we get 
^P,Ti»[x.y.z] = 
z"^'^?^^^'^V X ^^^^^' 
vn + ly 
f-( - )"+hk 
k=o k! r ( v + k + l) ^ 1 
i J T ^ i > + Zvj+(n + l)k + l ) ; i ;£ ^ r [ l ( ^ n - 2 v j + ( n + l)k + 2)] 
V Z I 
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I J T ' l l(^t + i ;v j - f (n - f l )k + 2 ) ; | ; ^ } (3.1.10) 
(Re(^ l+£v , )> - l ; | I , x ,y , zeR^ veR"and k=kl=(k,. . . ,k) G N Q ) 
where iF] denotes the confluent Hypergeometric function, 
defined by equation (1.2.4). 
For v=(--^) and v=( | ) , equations (3.1.9) and (3.1.10) 
reduce to multidimensional presentations of generalized 
Voigt functions K^[x,y,z] and Lpi[x,y,z] of Klusch in the 
following form (cf. Equation (3.1.2) 
-(^-^+l)/2 
K i,[x,y,z] = 
{-( X xn + K k / yviTi (n + VyJz. V ^ 
k,m=o k!m! r {k - | - | ) 
(3.1.11) 
.(,-;.„/2^ H^„ ,^)V^ ^ \n + l-.k 
z 2 k=o k ! r ( k 4 . i ) 
{ r [ i (^ - 1 + (n + l)k +1],F, [K^i - ^ + (n + l)k + 1 ; | ; ^ ] 
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y 
- ^ r [ | ( ^ - ^ + (n + l)k + 2],F,[|(^i--^ + (n + l)k + 2;|;-J^]} 
and 
(3.1.12) 
L„+iL[x,y,z] = 
^-(H-t-. l)/2^ ^ Y 
X 
vn + ly 
yrp ( n + l ) V Z V Z „ r l / n / 1M 
k,m=o k!m! r C k + f ) 
(3.1.13) 
^ W L Y- _ (n + l)Vz z 
k=o k! r ( k+ f ) 
{r[^(|^ + ^ + (n + l)k +1] iF, [^(^ + ^ + (n + l)k +1;Jr;-£] 
y ; ^ r [ | ( ^ + ^  + (n + l)k + 2],F,[|(^ + -5- + (n + l)k + 2;|;-J^]}^ 
(3.1.14) 
respectively, where |^ ,x,y,ZGR"*", k=kI=(k,.. . ,k)eNS. 
For n= l , equations (3.1.12) and (3.1.14) give the 
representations of K i [x,y,z] and L . [x,y,z] as follows: 
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-(H+i)/2 
Ky+± [x,y,z] == I 4 z / 2 ,t^ o k!r(k + )^ 
[r[|(|i + 2k + )^],F, | ( ^ + 2k + | ) : - l - : ^ 2^" 2 • 4z 
--f-r[ |(^ + 2k + DliFJK^ + 2k +1): -^: ,4 V^  (3.1.15) 
and 
L ^x [x,y,z] X • Z 
-(H + l ) / 2 00 
4z 
,^ 0 ic!r(k+f) 
r[|(^ + 2k + f ) M | ( n + 2k + f): I : ^ 
^ r [ i ( n + 2k + f)],F, l(^ + 2k + f ) : f :^ (3.1.16) 
Equations (3.1.15) and (3.1.16) reduce to known 
representations (2.1.16) and (2.1.17) of Klusch. However, 
equation (3.1.9) reduces to known result (2.1.14) and 
equation (3.1.10) is equivalent to known representation 
(2.1.15) for V = V € R ' . 
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For z = ^ , equation (3.1.9) gives the series 
representations of integral (3.1.3), denoted byVj^ ^^  ^ (x,y) = 
V^. V (x,y). 
Vn, V (x,y) = 2 
^'+Zvv ^t+Z^j X 
vn + ly 
2^ V, . r / -.Va-n ni(^^ + E v j + ( n + ])k + m + l] (3.1.17 k,m=o k!m! r (v + k + 1) 2 z_. J 
U + lJ k=o k!r(v + k + l) 
n i ( l ^ + Z v j + ( n + l)k + l] ,F,[i(|Li + X v j + ( n + l)k + l);i;y2] 
-2y^[i(^l + Xvi+(n + l)k + 2)],F,[i(^l + X v J + ( n + l)k + 2);f:y-] 
(3.1.18) 
()a,x,y,GR\ v=(v,,...,Vn)eR", Re(n+Zvj)>-1). 
For V = V G R , equation (3.1.18) reduces to known 
representations (2.1.7 )of Srivastava and Miller. 
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When ii = ^ and v=(±^), equation (3.1.18) gives the 
multiindices representation of voigt functions K(x,>) and 
L(x,y), respectively, denoted by (cf. Equaiion (3.1.4) 
i_ i i -
Kx,.(x,y) = 2^-^ X Vn + l / 
2 2 ^0 k!r(k + i) 
and 
{ m ( f - f + (n + l)k] , F , [ W - f + (n + l)k);i;y2] 
2yr [^( f - f + (n + l)k)] ,F , [ i ( f - f + (n + l)k);f;y2] 
(3.1.19) 
L i + i i ( x , y ) = 2 2 2 
2 2 vn + ly 
(2x > ^ 
kt^ o k! r ( k + f) 
{r[^(f + t + (n + l)k] ,F,[^(f + f + (n + l)k);i;y2] 
-2yr [ i ( f + f + (n + l)k)] ,F,[i(f + f + (n + l)k);f;y2] 
(3.1.20) 
(x,yGR^ k=kI=(k,...,k)GNS) 
For n=l, equations (3.1.19) and (3.1.20) are similar to 
known results (2.1.18 ) and (2.1.19 ) respectively, of Exton. 
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Thus we can obtain integral representations of 
generalized Voigt functions of first kind in the following 
form (cf. Equation 3.1.2) 
00 
K,^a[x,y,z] = (7tr"''Jt^'^exp(-yt-zt2) 
)Fn -;a);-( xt ^^ ^^ "^  U + U (3.1.21) 
L , , Jx ,y , z ] = (7r)-"^2 ^ j t^"^exp(-yt-zt^) 
^ ^ Vn + l j n 
Oi^n -A\)v Xt ^ Vn + l j (3.1.22) 
(|a,y,ZGR'",x€R), 
From equations (3.1.21) and (3.1.22) we obtain a 
unified representation of the 'plasma dispersion function': 
K^+Jx,y,z]±iL^^a[x,y,z] = (7r)-"^^ j exp(-yt-zt2) 
t^-^oFn -;(i);-( xt ^ n+n 
vn + ly ±i 
( 2x \ " 
vn + ly 
>l+^ 
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)Fn -;(t);- f xt \ n + l 
vn + ly 
(3.1.23) 
For z=]-, [i=\, the above equations (3.1.21), (3.1.22) 
and (3.1.23) reduce to the following representations 
l _ a 
Ki,Jx,y] = (7r)-"^2|^,-,^^p(_y^_i^2) 
2 2 
O^n -;(i);-' xt ^ 
vn + ly 
(3.1.24) 
L i , Jx ,y ] = ( 7 r ) - " ^ f - ^ 1 ] t ' " ^exp( -y t - i t 2 ) 
Vn + U n 
)Fn -;(J);- ^ xt ^""' 
vn + ly 
(3.1.25) 
and 
K i , J x , y ] ± i L x , J x , y ] = (7r)-"^2 j exp(-yt -^ t2) 
2 2 2 2 
i _ a 
t2 2 F 
-;(i);-^ xt r"' 
n + l ±1 
^ 2X ^" l .n 
vn + ly 
t^ =oFn 
- ; ( ! ) ; - ' Xt ^ 
vn + ly 
(3.1.26) 
(yGR", X G R and (a)=(a,a,.. . ,a)eR") 
Furthermore, we have 
Cos z=oF, . 1 . Z 
" ' 2 ' 4 , Sinz = z QF| . 3 . _ z i ' 2 ' 4 (3.1.27) 
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In view of the relation (3.1.27) we can obtain a set of 
known representations (2.1.1) to (2.1.4) of Reiche[64], see 
also Srivastava and Miller [80] corresponding to equations 
(3.1.24), (3.1.25) and (3.1.26) for n - 1 . 
3.2 Expansions and generating functions 
As we have seen that Hyper-Bessel function can be 
defined by means of generating function 
e x p [ - ^ ( u , -fU2 +...U„ - ^ r ^ ) ] = i U , - •••Un""J„„...,n,.(x) 
n + i | ^ ( U . ) m„...,m„=0 
| ; u , " ' . . . u„"^"J„ (x ) , (3.2.1) 
m=-oo 
(xeR and each Uj^ O^ for i= l ,2 , n) 
where J^ ^ ( x ) = J ^ ( x ) represents Hyper-Bessel functions 
of order m defined by equation (1.4.13). 
Now replacing x by xt in equation (3.2.1), multiplying 
both sides by t^exp(-yt-z t^) and integrating with respect to t 
between the limits 0 and oo, we obtain v^^^^^^l^^^V^ 
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^ 1 ' Jt' 'exp{-(y ^ ( u , + . . . + u „ - - r ^ ) t - z t ^ ) d t 
„ + l j > n + 1 ^^^ 
j = l 
= Zu , "^ ' . . . u ;^"Q, , „ [x ,y , z ] , 
m=-oo 
X 1 (^l,y,ZGR^xGR, y -(u, +... + u„ )>0 
n + 1 " 
and m=(mi , . . . ,mn)eNj) , \AJV^^ .•r€-
(3.2.2) 
Q^ ^[x,y,z] = Q., ,^ , n, [x,y,z] is defined by the integral 
"M,mi, r"„ 
( 3 . 1 . 1 ^ . 
With the help of integral transforms [vol.1; p. 313(13)] 
j e x p ( - p x - a x )x^ dx 
-s/2 
=i2ay'" r(s) exp -1/2-D_3[P(2a)-"^] 
(Re(a)>0, Re(s)>0), 
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we can obtain easily 
/ \ n / 2 
vn + ly n(",) 
1=1 
1 ^ ) / " ^ ^ ^ - l / 2 • D-( .^i)[{y-d:T(ui + - + u„ -^r^)}(2z)-"^] 
n(»j) 
j= i 
Xu,"^'....u„"^" Q , , Jx ,y , z ] , (3.2.3) 
m = -co 
(|Li,x,y,zeR'^, Re()i+1)>0, Re(|a + ^  i'"j)>~^ ,vr,G>Mo 
X 1 
and y ; ( u , + . . . + Un )>0. n + 1 
where D_v(z) denotes the parabolic cylinder function, defined 
by [n-i'f.'i^^] • 
For n= l , equation (3.2.3) reduces to generating function 
for generalized Voigt function Q^,m[x,y,z]. 
' X ^ 
U; 
(22)-(M-»/2 r(^, + l). exp [ i ^ ^ - ^ ^ ^ ^ ^ ] 
8z 
x./„ l \ i / o ^ \ - l / 2 -D-(,+i)[{y-t (u-^)}(2z)- ' '^] 
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= E u ' "a , , , [x ,y ,z ] , (3.2.4) 
m=-co 
(^,x,y,ZGR'", Re(^+1)>0, Re(|i + m ) > - l ) , and u^^O). 
Similarly, we can obtain several expansions with the 
help of generating function (1.4.4) of Bessel function Jv(z). 
Now replacing x by xt in equation (1.4.4), multiplying 
both sides by t^ exp ( -q t - r t ) Jv(pt), integrating with respect 
to t between the limits 0 and oo, and using the integral 
(2.1.8), we thus obtain 
= 7 X ^'Mt'^^P(-^^-^'^')-^m(xt)Jv(pt)dt (3.2.5) 
V ^ ^ m = -oo 0 
_ p V + i j . - a t + v + I) /2 ^ ^ m ^ m 
•2"^^ r(v + l) mt^ oom! (277)"^' 
{ m ( ^ + v + m + l)]v|;2 '^^ [^(|a + v + m + l);m + l;v + l , i ; - ^ , - £ - , ^ ] 
2 2 2 
- f q^(|a+v + m + 2)]i|;/')[^()a+v+m + 2);m+l;v + l , ^ ; = ^ , ^ , ^ ] } , 
(3.2.6) 
where vj/2 denotes one of the confluent hypergeometric 
functions of three variables, defined by equation (1.3.6) for 
n=3. 
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For x=0, equation (3.2.6) reduces to known 
representation (2.1.15) of Klusch. 
Expanding Left hand member of equation (3.2.6), we 
have 
r fl + V + l 
2 J ¥ 2 
, .^2 (q + | ( u - ' - u ) ) ^ 
2 ' ' ' 2 ' 4 r ' 4J. 
i^ + V + 1 . , . , 1.1.ZPI -^^  • 2 
(q+|(u '-u)) r|a+v+2' 
V^  I 2 , v|;2 
-1 [ i+v+l , , _p2 ( q + f ( u " ' - u ) ) ^ 
2 ' ' ' 2 ' 4 r ' 4 , 
= 1 CO ^m^m 
om!((2^/I^)" 
p, + V +1 + m 
<!'? fi + V +1 + m m , 1 v + 1 . 1 . ^ zL- SI 2 ' 4r ' 4r ' 4r 
r Ll + V + 2 + m i m 
—^—H | j . + V + 2 + m ;m + l,v + l;^; . J . - X 2 2 -p q 2 ' 4r ' 4r ' 4r 
For q=0, equation (3.2.7) reduces to 
(3.2.7) 
r(?)M/: 2 ' 4r ' i6ru^ 
X ( l - u ^ ) „ f a + n 
2Vr u 
r V|^2 a± i . v4 -1 1 - ^ x ' O - " ' ) ' 2 ' ^ ^ ^ ' 2 ' 4r ' ,6ru^ 
= Z 
00 ^ m ^ m 
:room!((2Vr)" . 2 , M^2 
;m + l,v + l;:^;-f-,-f-
2 ' 2 ' 4r ' 4r 
(3.2.8) 
(a=(fi+v+l), Re(a)>0, u^O, p,reR"'). 
Obviously, equality of equation (3.2,7) holds for x=0. 
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a jAie^l-4 
ON CERTAIN PARTLY BILATERAL AND 
PARTLY UNILATERAL GENERATING 
FUNCTIONS 
4.0 Introduction 
In this Chapter we begin by introducing a new class of 
double generating relations (partly bilateral and partly 
unilateral) involving Mittag-Leffler's functions EQ,, Eo,,p and 
entire function (j)(a, P; z) of wright. A number of known 
result of Pathan and Yasmeen ([58], [59]) Exton [21] are 
obtained as special cases. This chapter is based upon a 
result of Exton [21] which is partly bilateral and partly 
unilateral. Section (2.2) presents a note on Exton's result in 
which we generalize the main result of Exton [21] and 
section (2.3) deals with generating relations involving 
Mittag-Leffer's functions and related functions. Some 
interesting applications of certain generating function are 
also considered as special cases. 
In order that this chapter be selfcontained. we 
introduce, in section (2.1), all those basic definition (series 
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and integral) and concepts of Mittag-Leffler's function £„ 
and related functions Ea^ p and (j)(a,P;z), which are applicable 
in sections (2.2) and (2.3). The key idea is to use series 
manipulation technique to construct explicityly the 
appropriate generating functions of inherent polynomials (or 
functions) of general character. 
4.1 Mittag-Leffler's function and related functions 
The function 
00 ^ k 
E«(z)= E f n — T 7 . a > 0 (4.1.1) 
^^Qr(ak + 1) 
was introduced by Mittag-Leffler ([53], [54]) and was 
investigated systematically by several other authors (for 
detail, see [18 Chapter XVIII]). Eot(z), for a>0, furnishes 
important example of entire functions of any given finite 
order 1/a. 
We note that 
E, (z) = e^ E2 (z') = coshz, E,/2 (z'^^) = 27r'^  VErfc(-z '^2) 
(4.1.2) 
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where Erfc denotes the error function, defined by equation 
(1.2.15) 
Many of the most important properties of Ea(z) follow 
from the integral representation 
where the path of integration C is a loop which starts and 
ends at -oo, and encircles the circular disc |t| < |z|'^" in the 
positive sense i.e. -7i:<argt<7i on c. The following Laplace 
transform of Ea(t") was evaluated by Mittag-Leffer: 
00 , 
/e-^EJt«z)dt = -—- (4.1.4) 
0 ^ ^ 
where the region of conversion of integral (2.1.4) contains 
the unit circle and is bounded by the line Re(z' ' '")=l. 
Humbert [33] obtained a number of functional relations 
satisfied by Ba(z) with the help of integral (2.1.4). 
Feller conjectured and Pollard [60] showed that Ea(-x) 
is completely monotonic for x>0 if 0 < a < l . 
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We have 
-1 Eo(-x)=( l+x)- ' ,E , ( -x)=e (4.1.5) 
The function 
00 
Ea,B (z) = y ,a ,B>0 (4.1.6) 
has properties very similar to those of Mittag-Leffler's 
function. (See Wiman [88], Agarwal [1], and Humbert and 
Agarwal [36]). 
We have 
Ea,i(z)=Ea(z), El, p(z) = — iF, (l;(3;z) 
1 
and E^ p(z) = —— + zE„ ,,^p(z) (4.1.7) 
where iFi is the confluent hypergeometric function defined 
by [40]. 
The integral representation of Ea,p(z) is given by 
1 r t«-Pe^ 
^-P^^^^^i ^ dt (4.1.8) 
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where c is the same path as in (4.1.3). Similarly the Laplace 
transform of t*^ " Ea(t") can be obtained by means of integral 
OO 
je-HP-'E,(t«z)dt = - ^ , (4.1.9) 
1-z 
where the region of convergence of (4.1.9) is the same as 
that of (4.1.4). 
The functions Ea(z) and Ea,p(z) increases indefinitely 
as z->oo in a certain sector of angle an, and approach zero 
as z->oo outside of this sector. 
A function intimately connected with E^p is the entire 
function 
00 k 
(|)(a,(3,z) = X 7 , ^ , a, p > 0 (4.1.10) 
which was used by Wright ([89], [92]) in the asymptotic 
theory of partitions. The asymptotic behaviour of (j) (z) as z 
-> 00 was also investigated by Wright ([90], [91]). Here one 
can easily verify that 
z z Jv(z)= - ( l)( l ,v+ 1; - — ) (4.1.11) 
K^J 4 
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It shows that Wright's function may be regarded as a 
kind of generalized Bessel function Jv(z), defined by 
equation (1.6.2) 
())(z) can be represented by the integral 
(|)(a,P;z) = —f^ u'^exp (u + zu"")du, a>0 (4.1.12) 
The methods developed here are shown to apply not 
only to Laguerre polynomials and hypergeometric functions 
but also to such other special functions as Mittag - Leffler's 
function £«, Ea j and Wright's function (j)(a,P;z). 
4.2 A note on a result of H. Exton 
An interesting (partly bilateral and partly unilateral) 
generating function for Fn"Xx), due to Exton [21, p. 147 (3)], 
is recalled here in the following (modified) form (see [59]). 
ex 
xt ~ ^ p(s + t - ^ ) = X Z ^"t-F,"^ (4.2.1) 
m=oo n=m* 
and 
rm /„N _ u / ^ L 1 . „\ / .^ I „ I - T m ¥^'(x) = ,F, ( -n, m + 1; x) / m!n! = L\V(x) / (m+n)!, (4.2.2) 
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where L^(x) denotes the classical Laguerre polynomials 
[79, p. 42(4)] a function of frequent occurrence in quantum 
mechanics and other branches of applied mathematics (See 
Schiff [65;p.84]), Miller [52], Spain and Smith [71] and 
Exton [23; chapter 7,8]) and in what follows, 
m* = max (0, -m), (meZ=0, ± 1, ± 2, ) 
and C W = L^n"^ (x)/(m + n ) ! = ^ t 7 ^ = ^ if n>m*, 
=0 if 0 < n <m* (that is, if m+n<0<n) (4.2.3) 
so that all factorials in equation (4.2.1) have meaning. 
Also a set of expansions 
00 00 
x^  = 2^  Z Z ( -n ) , (x /2 ) - - F-(x) (4.2.4) 
m=-con = m* 
for r=0, l ,2 , . . . , has been obtained by Exton [21] from (4.2.1) 
by taking successive partial derivatives with respect to t and 
letting s=t=x/2. 
The purpose of this note is to introduce the equation 
(4.2.1) as the main working tool to develop a theory of 
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generating functions of special functions which are partly 
bilateral and partly unilateral. 
Exton's generating function (4.2.1) has since been 
extended (or generalized) by a number of workers including 
(for example) Pathan and Yasmeen ([58], [59]), 
Kamarujjama et al [40], Goyal and Rajni [29] and Pathan 
and Kamarujjama ([56],[57]) 
In an attempt to obtain a generating function of the 
type (4.2.1), we have 
V(s,t,x)=exp [sP+t'' + ( - ^ ) ' ] (4.2.5) 
s 
Expanding the exponential series of (4.2.5) in powers 
of s and t, we have 
r=0 ••• j=0 J- k=0 '' ' 
Now replacing jp - / r and qk+/r by m and n, 
respectively then after rearranging, justifying the absolute 
convergence of the above series, it follows that 
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00 00 [nin 
v= E E s"^ t" X (-x) 
h 
ITl = - 0 0 n = ITl'' r=0 Sn + r^^  
q J 
(4.2.6) 
!r! 
The following special cases of result (4.2.6) can be 
easily obtained: 
1. Taking p=q=/ in equation (4.2.6), we get 
e x p [ s P + t P + ( ^ P ] = y X _ s ; V ^ , F , fzil.i + H.(_i)P+ixP 
s ^ „_^ * r.^\r^\ \ p p 
m=-a) n=m" m 
IP vP/ 
(4.2.7) 
II. Equation (4.2.6) reduces to the result (4.2.1) of Exton for 
p=q=/=l 
III. For p=q=/=2 in equation (4.2.6), we get 
v f 00 CO ^ m ^ n 
s — ~v f m 
m=-oo n=0 — 
- n . m 2 
—;1 +—;-x^ 
2 2 
and so on for greater values. 
(4.2.8) 
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IV. Now taking p=q=l and /^O in equation (4.2.6), we 
obtain 
exp[s + t + ( - ^ / ] = I I ~ E A. 
m=-con f;;*m!n! ^Q (m + ^r)! (n-^r)!r! 
(4.2.9) 
For 1=2,3,.... equation (4.2.9) reduces to the following 
interesting generating functions 
exr 
^x^2 
s 
00 00 Q l l f l 
p[s + t + (i i)^]= S S ^ 2 F 
m=-oo n=iTi' m! n! 
2^-2 
- n -11 + 
2 • 2 X' 
m +1 m + 2 
1 ^ ? 
2 2 
(4.2.10) 
and 
Xt.3, ^ ^ S"'t" 
exp[s + t-(—)^]= X I 
s m=-oon = m* m-n . 
3^3 
- n - n + 1 - n + 2 
m + l in+ 2 n + 3 
3 3 3 
(4.2.11) 
and so on, respectively. 
Obviously, equation (4.2.9) reduces to equations 
(4.2.1) for 1=1 
V. If we take p=/=2, q=l in equation (4.2.6), we obtain 
[ / \9~i ^ a t r 1 
-" m=-oon=m* U / "^ 
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Hence we can obtain so many generating functions from 
(4.2.6) by taking different values of p,q,/. 
4.3 Generating Relations Involving Mittag-Leffler's 
Functions 
Result-I 
If Ea,p (z) is defined by (4.1.6), then 
E a . , p , ( s ^ ) - E c x „ p , ( t ' ' ) . E „ 3 , p 3 ( ^ / 
(-xf 
^ ^ m + iv n-h 
(4.3.1) 
provided that both sides of (4.3.1) exists. 
For P^=p2-P3=l, equation (4.3.1) reduces to 
E„,(/) .E„^(t '>).E„,(-^) ' 
00 00 n ^ Y ^ ^ * ^ 
= y; Es"t"x — j - ^ ^ — (4.3.2) 
m=-oon=m* r-0 (Xj( )[ a 2 ( )! a3r! 
p q 
Proof of Result I: 
If the function 
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V=E„„p,(sP).E„^,p^(t^).E,3,p3(-f/ 
is expended as a double series of powers of s and t, we iiave 
r=o ra3r + P3j=o r a , j + p, =^0 ra2k + P2 
Now replacing pj-/r and qk+/r by m and n respectively, 
when after the rearranging, justifying, the absolute 
convergence of the above series it follows that 
c» 00 
m=-oon=m* r=o Ila.i^'^^^) + ^,] Tla^i"^ - ) + ^ 3] na3r + p.]) 
p q 
For p=q=l=2, equation (4.3.1) reduces to the following 
generating functions 
E„„p,(s^).E„^,p^(t^).E„3,p3(::ii)^ 
y ys-t"y ^ (4.3.3) 
^—'^-~' ^—' m + 2r n-2r 
n.=-con=m* r=o r(a3r + P3) r (a , (^-)+(3, ) r(a2(-Y-)4-P2) 
For pi=P2 == p3 ^1 equation (4.3.3) reduces to 
Ea , (s^) .E ,^( t2) .E ,^( -^)2 
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OO 00 
I Is™t"S (-x) 
:2r 
, . .m + 2r., , n - 2 r . , , 
m=-oo n=m* r=0 (x , ( ) ! 0L2i )! ttjf! 
(4.3.4) 
Now putting p=q=l and / ^ 0 equation (4.3.1) we get 
E„,.p,(s).E„,,3^(t) .E„3,p3(^) ' 
OO 00 ( - X ) " 
,.f^oon=o r=o r(a ,(m + lr)+p,) r (a2(n- l r )+P2) na,v + ^,) 
(4.3.5) 
For p=q=/=l , equation (4.3.1) reduces to the known result 
(2.1) of Kamarujjama [39] or Kamarujjama and Khrusheed 
[41]. 
When a i=a2=l and a3=2 in equation (4.3.4)^ 
we obtain a generating function 
ex 
xt p(s^+t^).cosl|^|= X Z 
00 00 Q^^t" 
;F« 
z..mp.-iu.2-'. 
m=-oon=m» V 2 / V2 
. m . i i . ^ 1 (4.3.6) 
For ai=l {1=1,2,3} equation (4.3.4) reduces to the result 
(4.2.8). 
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Result-II: 
In a similar way we can obtain a generating function 
involving the product of entire functions defined by (4.1.10) 
Kai^P.iy") (t)(a2,p2;z'') (t)(a3,p3; - ( — / ) 
y 
00 00 [nin ( ^^er 
= Z Z y'^ z" I "^""^  
mt^ oonS;;* r=0 r [ a , ( ^ ) + P,] r [ a 2 ( ^ ) + (32] 
1 
r(a3r + P 3 ) ( ^ ) ! ( ^ ) ! r ! 
(ai,Pi>0, i={l ,2,3}j 
(4.3.7) 
For p=q==l and 1^0, equation (4.3.7) reduces to the following 
generating relation 
(I)(a,,|3,;y)(t)(a2,p2;z)(t)(a3,p3;(-^)^) 
^ ^ ' ;r^ o r [a , (m + ^r) + p,] r [ a 2 ( n - ^ r ) + p2] 
r(a3r + p3) (m + ^r)! (n-^r)!r! (4.3.8) 
For p=q=/=l equation (4.3.7) reduces to the known 
result (2.9) of Kamarujjama and Khursheed [41]. 
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a ihi&i-5 
A CERTAIN CLASS OF MULTIPLE GENERATING 
FUNCTIONS INVOLVING MITTAG-LEFFLER'S 
FUNCTIONS 
5.0 Introduction 
This chapter aims at presenting a certain class of multiple 
generating functions involving Mittag-Leffler's function Ea, 
Ea,p and related function (j)(a,P;z) of Wright some interesting 
(known and new) multiple generating function are also obtained 
as special cases. 
In section (5.1) a generating functions involving 
Mittag-Leffler 's functions are given in the form of Result-I 
and result II (generalization), in a similar way Resul t -I l l deals 
with for entire function intimately connected with E^j used by 
Wright, ([89]. [92]). In fact, Results I and II give the 
generalization of generating functions of Hyper-Bessel function 
and its modified case respectively. Many special cases using 
the relation, which entire function shares with Bessel function, 
is given and a generating functions of Hyper Bessel function is 
obtained as special cases in section (5.2). 
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5.1 Generating function involving Mittag-Leffler's functions 
Result - 1 
If E (z) is defined by equation (5.1.6) then 
z^xV rzvV f-z^ 
^ai,Pi 
V -3 y 
'aifii zy V 3 y a^3,P3 \^jXyy m,n=-oo s '^v p;;rvw. (5.1-1) 
where 
^z^"'^" ^ k/-„/o\3k (-l)^(z/3) 
v-^y ^0 r(a, (m+k) + p, )r(a2 (n+k) + p2 )r(a3k + P3) 
provided that both sides of equation (5.1.1) exist. 
Proof of result (5.1.1); 
If the function 
(5.1.2) 
V(x,y,z) = E^^^^^ ^zx^ 
\^ J 
'Oil A 
fzy\ 
V -3 y 
f-z^ 
^"3,(3 
K^^yj 
is expanded by the definition (4.1.6), we have 
v=i; ^M\x « x'-*^ - y'-'^(z/3)'^^'^' k=o r(a3k + p3)i=o r (a , i + p,)j=o H a j j + Pz) 
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Now replacing i-k and j -k by m and n respectively, if 
we rearrange the resulting triple series (which can be justified 
by absolute convergence of the series involved), it follows that 
Z ^'''"y" 
^ , ^ m+n 
m=-oo n=-<» 
(-l)^(z/3) 
v-5y to r (a , (m + k) + p,)r(a2(n + k) + p2)r(a3k + P3) 
Thus the result (5.1.1) is proved. 
A generalization of generating relation (5.1.1) can be 
obtained in the following form 
n '«j'Pj n + l 'a,p 
- z / n + l 
fl(>^j) 
- ^ X , . . .Xn p,,...,p^^,pJm„,...,m„l^;. 
m|...m„=-oo 
(5.1.3) 
where, 
P, P„,P"'m,..JTi,. '' i..jm„ \^)~ 
f ^ \^"'i k/„3Nk 
j=i (-l)^(zO 
{n+lj k=o rai(mj+k)P,)...ra„(m,+k)Pjro(k+P) 
(5.1.4) 
provided that both member of equation (5.1.3) exist. 
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For P=l=(3i, equation (5.1.3) reduces to the following 
generating function 
n 
f 7X. W 
' a , , I 
V^ + l y 
- z / n + 1 
- Z J ^1 —^n 1 ,1,1 •^ m„,...,m„\^)^ 
m,...m, =-00 
(5.1.5) 
where 
1 l,„l *'m,..JTi„W-
f V A^"^J 1=1 z i-t(^f \n+\) ^ a,(m,+k)! UnOrin+k)! odd (5.1.6) 
In a similar way, we obtain 
Result - II 
a^„p 3 r^ifiil 3 r^ifii 
r z^ ^ 
= I -"^ y" p,tp?I-(z), (5.1.7) 
V^^yy m,n=-oo 
where 
iTH-n 
P1.p2.p3, V n ^ z ; - ^ z^ 
(z/3) 3k 
\^J ^ r(a,(m+k)+p,)r(a2(n+k)+(32)ra3k+P3) 
(5.1.8) 
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and thus, a generalization of equation (5.1.7) can be obtained as 
follows: 
n 
.1=' 
^ttpp j ' n 
^ zxj ^^ 
v^ + iy ; 
^a,P 
z/n + 1 
n(>^.i) 
V .1=' ; 
m, ,T, a|,...a„,a. y x""' x"'" " " " " I (z) 
L- ^ i ••••^! p,,...p„-P '"1 '"..^.^^ mi,....m|,=-oo 
(5.1.9) 
where 
P„..p„,p 'm|,...j„„W-| .. , , I Z^ 
Z'"j (z/n + l)"^'f 
n + U ktS r(a,(m,+k)+pi)-r(a„(m„+k) + (3„)r(ak+p) 
(5.1.10) 
provided that both sides of equations (5.1.7) and (5.1.9) exist. 
The proof of result II is similar to result-I. 
Result - I I I : The above results may be extended for the entire 
function (l)(a,(3;z), defined by (4.1.10) and 
(t)(a,,p,;zx,) (|)(a2,p2;zx2) ^{a^,^^\ ) 
x,x 1-^ 2 
m , n^m+n^i '^^S'^S' I Y.y•>l-'^'\•JJ:.K(-^ 
m=-con=-oo 
(5.1.11) 
where 
i^t 
k=o (m+l),^(n+l),^ra,(m+k)+p,ra2(n+k)+p2ra3k+p3 k 
(5.1.12) 
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and thus a generalization of (5.1.11) can be obtained as 
follows: 
a,|3; z 
n(>^.i) 
VJ=i J) 
Z 
m|,...,iTi„=-oo '^1—IT^n 
^1 •••^n a|,....a„,a ^ / . 
I ,-n I PI Pn^ P 9m„....m„V^; 
(5.1.13) 
where 
a|,...,a„,a 
Ph P„,P ^ ^ 1 f [(z)'"'r 
i S (m, +I)k...K +I)kr(a,(m, +k) + p,)..r(a„(m„ +k)+p„)r((xk+P)k!' 
and (5.1.14) 
n(l)(ai,pj;zxi)(t) a,p; 
f W 
n(>^.i) 
x;^\..x'"" 
m|,...,m„ 
Z l •• " a,,...,a„,a =7 / x 
I I Pi P , P -^mi,-. . ,m„ V ' ^ ; 3_„ m,!.. .m„ 
(5.1.15) 
where 
I"!; 
PI P„,P -^m,,...,m,A^>' z'-' ^ 
- (Z) ' n+l 
^ (m, +i),...K +l)kRoc,(n^ +k)+ft)..Roc„(nv +k)+(3jriak+(3)ki' 
r5 . i . i 6 ) 
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provided that both sides of equations (5.1.13) and (5.1.15) 
exist. The proof of results (5.1.13) and (5.1.13) are similar to 
the result (5.1.1). 
5.2 Special Cases 
For a.=p.=a^[3=l, {i=l,2, . . . ,n}, equations (5.1.3) and 
(5.1.9) reduce to well known generating function [14] of Hyper-
Bessel function J,^ ^ (z) of order n and its modified case 
I 
m|...,m„ (z) 
exp 
n + 1 
X, + . . . + Xn 
X, . . .X„ J 
Z^r ' - -x? - J . „ . . . . , ( z ) (5.2.1) I , -111, , 
ni|...m|,=-<x) 
where 
\:X\ Jm|,..jn„(z)-Cj|i Jm r^i^ 
(z/n + y ' 
(m,)!-K)! Qi^n -;m,+l,..i-nn+lH 
' Z ^ 
vn+ly 
(5.2.2) 
and 
exp 
n + 1 X, +... + x„ + X,. . .Xn J 
00 
m|...m„=-oo 
= y.x: ' x ? - I 
n -m|,...m„ (z), (5.2.3) 
where 
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-;i-n,+l,..mn+l; ^ z "^"' 
U+1. 
(5.2.4) 
respect ively. 
For n = 2, equations (5.1.3) and (5.1.9) give equat ions (1.4.9) 
and(1.4.11) respect ively, in addit ion to condit ion ai=Pi= a=(3=l 
( i = l , 2 } , which can be also obtained from (5.1 .1) and (5 .1 .7) 
respect ively. 
.2 Z 2 Replacing >z and Xi->Xi^, i = {1 , 2 , n } , 
n + 1 
respect ively, in equat ions (5.1.3) and (5.1.9) , taking a .=2 and 
(3.= l,i = { l , 2 , . . . , n } , and using the relation (4 .1 .2) , we get 
cosh(zx ) cosh(zx ). cos Z 
V^l-"^n J m|,...m|, =-oo (2m2)!...(2mJ! 
•oFln+l -;mi +1/2,...,m„ +l /2 ,m, +l,...,mr, +1,1/2; 
/ \n+l 
' - z ^ 
V '+ y 
(5.2.5) 
and 
c o s h ( z x i ) cosh(zx ). cosh z E 
111 • 11 ti 
m|,...m|, =-co (2m2)!...(2mJ! 
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•oF2n+l -;m, +1/2,...,mn +l/2,m, +l,-,mn +11/2; 
/ \ n+ l 
4 
v+y 
(5.2.6) 
On setting a[=a=Y2 and f3i=(3=l in (5.1.9), replacing, 
n + 1 
- > Vz, Xj->Vxj {i = 1, 2, . . . ,n}, respectively, and using the 
relation (4.1.2), we get 
/ ^ \n+l 
VVKy 
exp zx, +... + zx„ +• 
x,...x n y 
Erfc (- 7zx7)..Erfc(- yzx^jErfc 
X,...X„ J 
z {•i^T'-y^rH^-W"t w 
m,,...,m„=-oo k=0 ^m, + k \ fm„+k\fk^ 
\ ^ J 
(5.2.7) 
Now putting a i = a = l , Pj = ^j + 1, {i = 1, 2,...,n} and 
^^X+l and replacing z/n+1 by -z^lA and Xj by xj-^ {i = 1, 
2, . . . ,n}, respectively, in (5.1.13) and using the relation (4.1.11), 
we get multiple generating relation involving Bessel's function 
J. (zx,)....J> (zxJJp, IZ 
\^X] , . . . ,Xn j 
zx 
\ ^ J 
ZX, 
\ ^ ) 
YL \ 
2(Xi,...,x„) 
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s 
^_ iyn |+ . . .+m„ ^ 2 m , ___ j^2m„ ^2(m,+...+m„ (-1)' 
m,,...m„=-oo 
mj!...mn!r(;^, +mi +1) r(x^ +m„ +1) r;^+i 
)F2n 0^^ 11+1 -;m, +l,...,mn +l,?i, +m, +1,..A, fm„ +1, \ + X; (-1)" 
/ -V \ n + l 
Z ' 
v"4y 
(5.2.8) 
In a similar way, from equation (5.1.15) we can obtain 
a multiple generating relation involving Bessel's functions 
h.S^^\)-hA^^nyh 
\ ^ X , , . . . , X n 
^zx,^ '' ^zx.^ 
V ^ y 
?^n/' 
V ^ ; 2(x,,...,xJ 
I xf'^'...x2'""(-z2)'"'+-'^" 
"^"•••'""=-°°m,!...m„! 4 '^ '^- '""n(r(^j +iT j^ +1)) ^^ + 1 
•oF2n+l -;m| +l,...,mn +l,A,i +"1, +l,...A.p +m„ +1, 1 + A,; - Z 
For n = 2, equation (5.2.9) reduces to 
(5.2.9) 
h^^^\)hA^^2)h 
/" „ \ 
^ X j X j y 
''zx ^ '^zx.^"^ 
V ^ y V ^ ; 2(X,X2) , 
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CO 
mi,...iTi„ 
xf'^ 'xfH-z^ /4)'^ ''"'^ ^ 
_ ^ mi!m2! (r{X^ + m, + l)r(k2 + ^2 +1)) TX +1 
•oF: - ;m|+1 mj+l,)ii+mi+1,X,2+m2+1, \ + X; 64 (5.2.10) 
w hich can be obtained from equation (5.1.13) for n=2, by 
taking a i = a 2 = a = l , Pi=X,i + l, ^2'^^2'^^ ^^^ replacing z by 2^/4 
-.2/; = and Xj by -Xi^{i=l,2}, respectively. 
For Xi=....=X^ = X=±Y2, equation (5.2.9) reduces to the 
following multiple generating relations: 
sin (zxj) sin (zxj^) sin (z/xj..-.x,^) 
.-1. ^ xf"\..xf"(-2^/4) m|+...+m„ 
m]. . . . ,m| , =-00 (m,)!...(mJ!(3/2)„,...(3/2), 
)F2n 0^ +l -;m, +l,...,mn +l,m| +3/2,...,0^, +3/2;3/2; r_,2r' 
4 ) 
(5.2.11) 
and 
c o s ( Z X J ) c o s ( zXj^ ) c o s ( z / X ] ^ . . . . X j ^ ) 
I 
m,,...,m 
xf'"-.. .x^'(-z^/4r'"-""" 
;=_„(m,)!...(mJ!(l/2)„,...(l/2),,,_ 
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oF2n+l -;m, +l,...,m„ +l,m, H-l/2,...,mn +1/2; 1/2; 
/ 2^"+ ' 
- z 
y ^ J 
(5.2.12) 
respectively. 
We can reduce the above result for n=2 to yield a result 
involving QFS-
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a ihi&t-6 
A CERTAIN CLASS OF MULTIPLE 
GENERATING FUNCTIONS 
6.0 Introduction 
This chapter deals with the derivation of a general 
result on multiple generating functions involving multiple 
series with essentially arbitrary coefficients. By appropriate 
specializing these coefficients a number of (known and new) 
multiple generating functions are obtained as special cases. 
Motivated by the result of Exton [21], the work of 
Pathan and Yasmeen ([58], [59]) and largely by the work of 
Kamarujjama [40] in which the generating function due to 
Exton [21] was extended to hold true for the product of three 
Hubble Srivastava function co^ (x) defined by [32]. 
In section 4 .1 , we give the definitions of further 
generalization of generalized polynomials, due to Hubbell 
and Srivastava [32] and many special cases are also 
considered. In section 4.2 a general result on multiple 
generating function involving product of Hubble and 
Srivastava function with essentially arbitrary coefficients is 
given and applications are given in section 4.3. 
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6.1 Generalization of generalized polynomials 
Recently, Hubbell and Srivastava [32, p. 351 (3.1)] 
introduced an interesting generalization of generalized 
hypergeometric functions, defined by 
« N W = ( V ) N S °° n^x 
N-2k 
^% ( 1 - v - N ) , 
(6.1.1) 
where {Q^J^^Q is a suitably bounded sequence of complex 
numbers, and the parameters v and N are unrestricted, in 
general. 
In fact by suitably choosing the coefficient Q^ ^ in 
(6.1.1), the generalized polynomials (or functions) can be 
obtained (including for examples the polynomials of extended 
Jacobi, Leguerre, Gegenabauer and Hermite etcetra). The 
following special cases of (6.1.1) are given below: 
(i) For Q.^ = ^ ^ ; w ; ; ( 2 x ) = N!C?,(x), k! (6.1.2) 
where the Gegenbauer polynomials CN(X) is given by [79] 
N! 
-N - N 1 ^^  _2' 
— , + - ; l - v - N ; x 
2 2 2 
(6.1.3) 
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(ii) For Qk(x) = (-n^)Nk((ap))k 
((Pq))kk! 
coi,^ '(x) = (-v)NX^cJ',^^M [(ap); (Pq)' 1+v-N; x-2], (6.1.4) 
where the generalized hypergeometric polynomials oi'jyj ]yj is 
defined by [84; p. 107 (1.12)] 
^ m , M [(^p), (P)q: x] = M+pFq[A(M; -m), (ap); (bq); x], (6.1.5) 
with as usual, A(N, fj.) represents the array of N parameters 
(|i+j-l)/N, j =1,2 , . . .N;N>1. 
For M = 1, equation (6.1.5) reduces to the extended 
Laguerre polynomials o^-^ [81; p. 420 (11)] 
..... „ ^ , , (-m)Mk(^ + m)Mk((ap))k , ^ , ^ (m) ForQk(x) = ^ . ;^^ 0 , -1 , -2 , . . . 
((Pq))kk! 
< ( x ) = (-v)NX^c^ii,,M[(ap),(Pq),l + v-N;x-2] , (6.1.6) 
where the generalized hypergeometric polynomials o j^^ ^^ i^s 
defined by [84; p . l07 (1.11)] 
oi^^M [(ap);(bq):x]=2M.pFc,[A(M;-m), A(M; ^+m), (ap); (bq); x] (6.1.7) 
For M = 1, equation (6.1.7) reduces to the extended 
Jacobi polynomials ^^ [81; p. 420(6)]. 
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In an attempt to obtain such type of double (or multiple) 
generating function, we derive a general result on multiple 
generating functions involving a product of Hubbell and 
Srivastava functions with essentially arbitrary coefficients. 
Also a number of results can be deduced from the main result 
by appropriately specializing these coefficients. 
6.2 Generating Functions 
Result-1. Letco^(x) be defined by (6.1.1) and Q ; , Q ; . Q ; ' , be 
suitable bounded Sequence of complex numbers. Then 
(DM(zx)coi^(zy)co^ 
^ „ ^ 
K^yJ 
= ( V ) M ( W N W R X y Z 2. 
(x-^r(y-^)"(z-^r" 
- „ ( l _ v - M ) J l - | i - N ) „ 
2 x 3 k 
'^0 ( l - v - M + m ) ( l - | i - N + n ) k ( l - ^ - R ) k (6.2.1) 
provided that both sides of (6.2.1) exist. 
Proof. If the function 
V(x,y,z) = coM(zx)coii(zy)coR r ^\ 
xyj 
is expanded by the definition (6.1.1), we have 
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M-R,,N-R_M-N-R Y(x,y,z)= =(YU^UX)^x^-^y'-^z 
to il-X-R\U ( l - v - M ) i ^ (l-^A-N)j 
Now replacing i-k and j -k by m and n, respectively, if 
we rearrange the resulting triple series (which can be 
justified by absolute convergence of the series involved), we 
are thus led finally to the generating function (6.2.1). 
For convenience, a few conventions and notations of 
multiindices are recalled from [7; p. 3] or section (2.3) of 
chapter 2. 
Let v=(V|,V2,...,Vn), eIR" and k = (k,,k2,...kn) e Nj; 
where kjGNo«NU{0}, j = {l , 2, . , . ,n}. We have the following 
abbreviations: 
k! = k,! k2!...kn!, keN;;. 
Cv)k =fl(^X, =(v,),,....(v„),„ , V G R " , keN^ 
rcz) = nr(zj) = r(z,)...r(zj, zec" or IR" 
furthermore 
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^•n = r i ^m. = ^ m , ^ m , - ^ m „ ' (Multiple Sequence) 
q q q q 
Y, means ^ J ] ••• X (P '^^^) (Multiple sequence) 
k=p k,=p k2=p kn=p 
A,+ l means X, +1, A,^+l,..., A, +1 (n-parameters) 
1 2 n V r- / 
ResuIt-II: (Generalization of Result - 1) 
A generalization of generating function (6.2.1) can be 
obtained in the form 
f l ®M.(zXj)co^ 
j=i 
/ \ 
n N+£ M| 
= (v)M(^)Nn i^-^)'"''''^ "' 
CO n 
S n (x^r^-^z) '=• Z „ " " ' X \ " ^ < " , . \ , . . . (6.2.2) 
m=-oo j=l kt^o( l -v -M)„ ,k ( l - :^-N)k 
provided that both member of (6.2.2) exist and the following 
terms are defined as below: 
and 
( a ) m + k = rT(a j )n , .^k =(a,)n, ,+k(a2)m2+k (an)m„+k' 
where 
k = kl = (k, k,...., k)GN3, (a.G IR and m., k e N J . 
91 
The derivation of the above results (6.2.2) is similar to 
the result (6.2.1). From the result (6.2.2), we can derive a 
number of double (multiple) generating functions involving 
the product of well known generalized polynomials (or 
functions). But some interesting applications are considered 
here. 
6.3 Applications 
First of all, in its special cases when setting 
(-P)M, (m+k) ((a,)) m+k 
" m + k ~ ' ((bi)),..k(m + k)! 
2 
(-'1)M, (m+k) ((Ci))„,+k , ^ „ , (-0M3k((Cu))k 
((dj)„, ,(m + k)! V ((fj),k! 
in (6.2.1), using the relation (6.1.4) and then replacing (x"^, 
y , z }, respectively, by {±x, ±y, ±z}, we get the following 
generating functions: 
^P,M, [(aO; (bj), l+v-M:zx] ^ q , M , [(c,); (d^), l+v-N:zy] 
^r,M3 [(cu); (fv), l+:^-R: ±z/xy] 
^ ( - p ) M , m ( - q ) M , n ( ( a i ) ) m ( ( C l ) ) n ( z x ) m ( z y ) " 
,T,,;fr-oo((bj)),.((ds))n(l + v-M),^(l + H-N)„m!n! 
M,+M2+M3+i+^+u -" j^+s+v+S 
A(Mi ;-p + M,m), A(M2 ;-q + M2n), A(M3 ;-r), 
1 + V - M + m,l + |i - N + n,l + A. - R, m +1, n +1, 
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(ai) + m,(c,)4-n,(ej;_^ 3 
(bj) + m,(d j + n , ( f j ; " (6.3.1) 
For M| = M^ = M3 = 1, equation (6.3.1) reduces to a 
generating function involving a product of three extended 
laguerre polynomials o ^ . In addition to the above condition, 
taking the parameters i = j = / = s = u = v = 0 and using the 
definition of classical laguerre polynomials [87; p. 103 
(5.3.3)] 
t ^ ( x ) = ^ ^ ^ ^ o ^ [ - ; l + a : x ] , 
n! 
we get 
L;-"(zxK"^zy)L^-« 
(l + v-M)p(l + | i -NX( l + ^ - R ) ^ » (-p),(-q)„(zx)'-(zy) 
p!q!r! ,t'-oo(l-v-M)„,(l + |i-N)„m!n! 
3^5 
- p + m,-q + n,r; 
l + v - M + m,l + | a - N + n, l + >t-R,m + l,n +1;' ±z' . (6.3.2) 
Secondly, upon setting 
Q (-P)M, (m+k) Oll+P)M,(m+k) ( (^ i ) )m+k m+k ((bj))^,,(m + k)! 
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O" - ((ds)Uk(n + k)! 
a n d Q.U = (-r)M3k(Tl3+OM3k((eu))k 
((fv))kk! 
in (6.2.1), making use of relation (6.1.6) and replacing 
{x~^, y~^, z~^}, respectively, by {±x, ±y, ±z}, we shall obtain 
^'M [(ai);(bj),l + v - M : z x ] o r \ [ ( c , ) ; (d , ) , l + ^ - N :zy] 
cJ"!-^  
P.M3 
(eJ;(fJ,H-X-R:±-
xy 
^ (P)M,m(T1l + P ) M | m ( - q ) M , n ( ^ 2 + q ) M , n ( ( a i ) ) m ( ( C | ) ) n ( ( z x ) ) " H z y ) 
m,;^-«> (l + v - M ) „ ( l + n-N)„((bi) )J(dJ) ,m!n! 
2(M,+M2+M3)+i+f+u -"^ j^+s+v+S 
"A(M,;-p+M,m), A(Mi;ri, +p+M,m),A(M2;-q+M2n), 
1 + v-M+m, l + n -N+n, l + ?i-R, (bj)+m, 
A(M2;ri+q + M2n),A(M3;-r),A(M3;ri3+r),(ai) + m,(c,) + n,(eJ; 3 
± z (d3) + n, (fv), m + 1, n + 1,—, — , — ; 
(6.3.3) 
where r] r j , , i].^0, - 1 , - 2 , and M > 1, {j = l,2,3} 
Obviously, for M^ = M^ = M^ = 1, equation (6.3.3) 
reduces to a generating function for a product of three 
extended Jacobi polynomials. Furthermore, taking 
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i=j=/=s=u=v=o, r| = l + v - M + a , r] =l+|i-N+[3 and rj =1+A, 
-R+y , we obtain 
(u,P)-P^"''^^(l-2zx)P^'^''^^(l-2zy)P; ) ( > M Y ) 
f 2z 
1± 
V xy 
y 0 - P ) m ( - q ) n O + V + a + P ) m a + ^^  + P + q ) n . „ , y i i / y 
^ (l + v ) J l + ^)„m!n! 
m,n=-oo 
I-p+m, 1+v+a+p+m, -q+n, l+)i+p+q+n, l+X.+y+r,-r; 3 
61" 5 U+v+m,l+n+n,l+A., m+1, n+1; i z , (6.3.4) 
where the classical Jacobi polynomials P^"''^'(x) defined by 
[87; p. 62 (4.21.2)] 
pCa.P)/^) = ^^"^^^n ^a+p+1) 
n! 
By taking M^ = M^ = M^ = 0, equation (6.3.1) or (6.3.3) 
reduces to a generating function for a product of generalized 
hypergeometric functions. Also equations (1.6.9) can be 
obtained from equation (6.3.1) or (6.3.3) by taking M^ = M^ = 
M^ = 0, i = / = u = i , j = s = v = 0, and adjusting the 
parameters a = 1+v-M, cj = l+ji-N, e = 1+X--R. 
Next we consider some applications of the result 
(6.2.2). First of all, by setting 
Q 
ni + k (m + k)! 
and Q,=-tN>2L 
" k! 
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replacing z by 2z and using a relation (6.1.2), we have 
ncM\(-Xj)c^ 
j=i 
/ A n N + X M J 
Izl 
(M)! N! 
E 
m=-oo 
hi 
( l - v - M ) ^ m! 
!n+2F2n + 1 
~ M , --M 1 - N - N 1 
X 1 1 1 1 1 ( z ' ) n + l 
1 - V - M + 1T1, m +1,1 ~ A, - N; 
(6.3.5) 
where, for convenience, bold letter i-no abbreviates the 
array of n-parameters 
- M , - M , 
^ + m,, ^ + m2,. 
M. 
+ m. 
with similar interpretations for others. 
For V. = X, = /4, {j = 1, 2,. . . ,n}, equation (6.3.5) reduces 
to a multiple generating function of legendre polynomial 
P^(x), defined by ([63], p. 157]). 
Thus a number of multiple generating functions 
involving the product of well known polynomials (for 
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example, generalized hypergeometric polynomials, extended 
Jacobi and Laguerre polynomials and classical polynomials 
also) can be derived in a similar way by specializing the 
coefficients Q;'(j = 1, 2,...,n). 
Finally, A well known generating function 
exp 
n + 1 x,+...+x„+-X|X2. . .X„y 
= Z< ' ' -^"" !..„...,.„(z) {6.3.6) 
m=-oo 
can be obtained from (6.2.2) by choosing 
•"^ •^  (m + k)! ^ k! 
and replacing z and X: , respectively, by and x (j = 1, 
n + 1 •' 
2, ...,n). In equation (6.3.6), I^ ^ (z) denotes the modified 
m|,...,m„ 
Hyper-Bessel function of order-n defined by [14; p. 231] 
f -7 \ 
IA(Z)=I^„^,,...A„(Z) ,n + i ; 
E^ 
j= i 
r(x+i) "oFn -X^\\ 
' z ^ 
vn + ly 
(6.3.7) 
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